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We show that the time-dependence of electromagnetic field in a periodically modulated cavity
can be effectively analyzed using a Floquet map. The map relates the field states separated by one
period of the drive; iterative application of the map allows to determine field configuration after
arbitrary number of drive periods. For resonant and near-resonant drives, the map has stable and
unstable fixed points, which are the loci of infinite energy concentration in the long time limit.
The Floquet map method can be applied both to classical and quantum massless field problems,
including the dynamical Casimir effect. The stroboscopic time evolution implemented by the map
can be interpreted in terms of the wave propagation in a curved space, with the fixed points of the
map corresponding to the black hole and white hole horizons. More practically, the map can be
used to design protocols for signal compression/decompression, cooling, and sensing.
I. INTRODUCTION
Periodically driven systems lie between static and truly
time-dependent systems. Though nominally only slightly
more complex to specify than their time-independent
counterparts, their behaviors can be qualitatively differ-
ent. A notable classical example is the onset of chaos in
a kicked rotor [1] and in a driven nonlinear oscillator [2].
In quantum systems, periodic driving can lead to new
states of matter, impossible in equilibrium [3–8]. More
broadly, a digital computer can be seen as a physical sys-
tem that periodically applies a specific set of rules to its
current state, thus recomputing the input for the next
clock cycle [9–12], producing a combinatorial variety of
outputs.
A periodically driven closed physical system breaks the
continuous time translation symmetry, which character-
izes stationary systems. However, it preserves the dis-
crete time translation symmetry: a time shift by an in-
teger number of drive periods is a good symmetry, which
can be used to simplify analysis. In this work we will
assume that the drive is supplied by an external clock,
which breaks the continuous time translational symme-
try explicitly. However, this is not a necessary assump-
tion, since – as long as there is an energy source – there
are many mechanism for generating oscillations (e.g., a
wound up spring in a mechanical clock or dc current in
a quartz clock or a semiconductor laser) [13].
Continuous time translation symmetry leads to energy
conservation; on the other hand, the discrete time trans-
lation symmetry only conserves quasienergy, a bounded
quantity. Since the quasienergy is defined only modulo
the quantum of drive frequency, the instantaneous en-
ergy of a driven system becomes unbounded, leading to
a richer dynamics not limited to the constant energy hy-
persurface of the phase space.
Just like the energy eigenstates provide a natural basis
for static quantum systems, the quasi-energy eigenstates
– or Floquet eigenstates – provide a convenient basis for
periodically driven systems. They are the eigenstates of
the evolution operator over the single period of the drive
and hence their time evolution is particularly simple: af-
ter a period of drive they come back to themselves, up
to a phase that defines quasienergy. An arbitrary initial
state of a driven system can be expanded in terms of
the Floquet states, which completely determines its time
evolution.
For finite-dimensional Hamiltonians this is a very effi-
cient approach that revealed possibility of such exotic
quantum states as the Floquet topological insulators
and time crystals. On the other hand, for truly (non-
factorizable) infinite dimensional systems, the applica-
tion of Floquet technology is hampered by the need to
diagonalize infinite matrices. Even the “simple” case of
a single quantum parametrically driven oscillator, albeit
solvable, requires application of special techniques [14].
In this paper we demonstrate how a Floquet-like ap-
proach can be applied to solve the problem of a periodi-
cally driven one-dimensional electromagnetic cavity, e.g.
a cavity whose length is periodically modulated. A static
cavity contains an infinite number of eigenmodes, each a
harmonic oscillator, making the problem equivalent to an
infinite number of parametrically driven harmonic oscil-
lators. Yet, as we will show, it is possible to construct
a map that relates the electromagnetic field A(x, t0) at
some initial time t0 to the field one period of drive later,
A(x, t0 + T ). The same map can be applied repeatedly
to generate the field configuration at any other discrete
time, A(x, t0 + nT ). The map function plays a role sim-
ilar to the Floquet evolution operator mentioned earlier.
For that reason, we will refer to the map as the Floquet
map.
The Floquet map reveals some striking features of a
classical field in a driven cavity. For instance, it shows
that if the cavity is driven close to its qth eigenfrequency,
any initial field configuration becomes exponentially con-
centrated and amplified around q fixed-point trajectories,
one for each stable fixed point of the stroboscopic map
function. This feature offers a possibility of creating ul-
trashort and intense pulses (related to mode-locking in
lasers), or for concentrating and removing thermal or any
other electromagnetic energy from the cavity (“paramet-
ric cooling”).
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2The Floquet map function is closely related to the con-
formal transformation function that has been employed
to relate a driven cavity problem to a stationary one [15]
(reviewed in Section II B); it is known explicitly only in
few special cases [15, 16]. Various approximate and nu-
merical techniques have been proposed to construct the
conformal transformation function [17, 18]. However,
they didn’t take advantage of the Floquet structure of
the problem and tried to solve for it directly, apparently
running into difficulties in the long time limit.
The knowledge of the Floquet map, and hence also the
conformal map function, allows to solve the problem of
the quantum cavity field. In particular, one can find how
the vacuum energy density responds to driving. It has
been noticed previously that starting from vacuum, as a
result of driving, the energy density develops exponen-
tially sharp peaks [16]. As we will show, these peaks
correspond precisely to the stable fixed points of the Flo-
quet map. In the case of weak driving, the Floquet map
can be explicitly calculated for arbitrary number of drive
periods (Section IV). That allows to show analytically
both the emergence of the peaks, and that the vacuum
energy density between the peaks generically drops to
a value below the static Casimir energy density (Section
VI).
The Floquet map allows to efficiently evolve any initial
field configuration over any integer number of drive pe-
riods. If a field configuration at some other intermediate
time is desired, it can also be found, by first applying the
Floquet map for “coarse approach”, and then evolving
the wave equation directly over the time interval shorter
than the drive period.
Moreover, it is easy to concatenate multiple periodic
drive protocols, using output of one as an input for the
following one. A special case of this is a time-reversal
protocol (Section III D). The natural time evolution for
resonant or near resonant driving, independent of the
initial conditions, is for the radiation to be compressed
to exponentially short pulses. However, there is no in-
formation loss: for any drive protocol, it is possible to
construct a complementary protocol that inverts the dis-
crete time evolution. This could be of interest for signal
compression and decompression (Section IX C).
A consequence of the fixed point evolution is that there
appears to be loss of unitarity in the long time limit – any
initial state becomes infinitely compressed into a set of
(stable fixed) points. Remarkably, propagating back in
time has the same effect, except that the role of the stable
fixed points is taken by the unstable fixed points. That
is, if a system has experienced periodic drive starting
from t = −∞ and has a nontrivial field configuration
at time time t = 0, then it necessarily originated from
an unstable fixed point(s) at t = −∞ (“bang”) and is
destined to end up in a stable fixed point(s) at time t =∞
(“crunch”). This analogy with the black and white hole
dynamics can be used to construct a stroboscopic toy
model of General Relativity, with the speed of light and
singularity structure controlled by the drive amplitude
and detuning from the cavity resonances (Section VIII).
Besides a cavity with moving mirrors, essentially the
same phenomena can be obtained in fixed mirror cavities
or circular optical fiber resonators by modulating the op-
tical properties of the medium. Spatio-temporally mod-
ulating the refractive index changes the optical length,
which is analogous to changing the actual length of the
cavity [19–21] (Appendix B). Moreover, besides the elec-
tromagnetic waves, other waves with weak dispersion
(dependence of propagation speed on wavelength) can
be used as well. Among them, phonons in crystals or
Bose condensates, or antiferromagnons. The nonlinear-
ities present in their dispersions can lead to additional
phenomena, such as shock waves and caustics.
II. MODEL: 1D OPTICAL CAVITY WITH A
MOVING MIRROR.
In this section we formulate the model of 1D cavity
with moving mirror, present the formal solution in terms
of the conformal transformation originally constructed
by G. Moore [15], and give its interpretation in terms of
the vector potential transport along the light rays (light
world lines = null lines). We then recast the problem
of a linear resonator cavity into ring cavity of twice the
size with only one direction of light propagation, and
finally introduce the indicator basis for the dynamical
problem which plays the same role as the eigenbasis of
the stationary problem.
A. Statement of the problem
Consider an electromagnetic linear cavity defined by
two mirrors, one stationary at x = 0, and the other fol-
lowing a trajectory x = z(t). This may be a linear strip-
line resonator or a cavity bounded by infinite parallel
mirrors. In the latter case, we will not concern ourselves,
however, with the wave propagation in the direction par-
allel to the mirrors, as the wave-vector in that direction is
preserved and can be included straightforwardly (if mir-
rors are finite, then the role of the in-plane momentum
is played by the mode index).
We will work in the Coulomb (transverse) gauge. The
wave equation that describes the evolution of the vector
potential A(t, x) between the mirrors is
∂2A
∂t2
− ∂
2A
∂x2
= 0. (1)
(we use the units where the speed of light is c = 1).
For a perfect mirror, either static or moving, the correct
boundary conditions are A(t, 0) = 0 and A(t, z(t)) = 0.
They correspond to the vanishing surface electric field
in the frame where the mirror is stationary. Indeed,
electric field in the frame moving with velocity v is
related to the electric and magnetic fields in the lab
frame via E′z = γ(Ez − vBy) = γ(∂tA + z˙∂xA), where
3γ = 1/
√
1− v2. It is proportional to the directional
derivative of the (z component of) vector potential along
the mirror trajectory. Hence if A is set to 0 (or any other
constant) on the mirrors, the zero electric field boundary
conditions is automatically satisfied [15].
The goal is to solve for A(t, x) starting from any initial
field configuration. For a stationary resonator, the prob-
lem is trivially solved by expanding the initial conditions
in terms of the eigenmodes of the cavity. When the cav-
ity itself is time-dependent, the eigenmodes can only be
defined for instantaneous mirror positions and thus no
longer provide a good expansion basis. An alternative
method is needed.
B. Solution by conformal mapping
It was shown by Moore [15] that the 1D problem with a
moving mirror can be mapped onto a stationary problem
with fixed mirrors by a conformal transformation,
t+ x = F (s+ w), (2)
t− x = F (s− w). (3)
It has the property dt2−dx2 = F ′(s+w)F ′(s−w)(ds2−
dw2), and preserves the form of the wave equation,
∂2A
∂s2
− ∂
2A
∂w2
= 0. (4)
The function F can be chosen to map, e.g., (t, 0) to (s, 0)
and (t, z(t)) to (s, 1). The transformation is defined then
by the conditions,
t = F (s), (5)
t+ z(t) = F (s+ 1), (6)
t− z(t) = F (s− 1). (7)
Introducing an inverse function R = F−1, the last two
equations are equivalent to
R(t+ z(t))−R(t− z(t)) = 2, (8)
which, when solved, can be used to relate any solution
of static problem to a solution in the time-dependent
problem. A general solution of Eq. (4) has the form
A(s, w) = A+(s+ w) +A−(s− w).
The zero boundary conditions at w = 0, 1 imply A+(s) =
−A−(s), and A+(s) = A+(s + 2). Therefore a general
solution to the original problem is
A(s, w)→
A+ (R(t− x))−A+ (R(t+ x)) ≡ A˜(t, x). (9)
That this is a legitimate solution is clear – as an ad-
ditive function of (x ± t), it automatically satisfies the
wave equation (1) everywhere inside the cavity. The zero
boundary conditions are satisfied trivially at x = 0 and
at x = z(t) from Eq. (8) and the periodic property of
A+.
For example, take an eigen-mode in the static problem.
It corresponds to the following solution of the original
problem
An(s, w) = e−inpis sin(npiw)
=
e−inpiR(t+x) − e−inpiR(t−x)
2i
≡ A˜n(t, x).(10)
If the mirror cannot move superluminally (|z˙| < 1)
[22], then it is sufficient to define the function R(x) on
the interval [−z(0), z(0)). From that interval, R(x) can
be bootstrapped using Eq. (8) to all other x (but only
if mirror is subluminal!). For instance, in the previous
example, if we choose R(x) = x/z(0) on x ∈ [−z(0), z(0)],
then An(t, x) will clearly correspond to the cavity being
initialized in the nth eignemode at t = 0.
C. Interpretation of the Moore formula.
The structure of the Moore formula (9) reflects the fact
that the solution is being transported along the left and
right moving rays, t±x = const. This is indeed expected
since, except for the reflection at the mirrors, the light
propagates freely in vacuum, with the value of A being
constant on the world (null) lines. What happens at the
mirror? Right before encountering the mirror, the world
line is causally unaware of its existence. After reflection it
reverses direction and begins to move away from the mir-
ror. At the mirror, by the boundary conditions, the total
(incoming plus reflected) vector potential vanishes. Thus
we conclude that the vector potential simply flips sign
upon reflection, but preserves magnitude as the world
line bounces between the mirrors, Fig. 1a. That pre-
scription is independent of whether the mirror is moving
or static. For moving mirror, same conclusion is reached
from the Lorenz transformation properties of the vector
potential: being transverse, A is invariant with respect
to a boost in the direction of propagation, both before
and after the reflection.
This leads to the following approach to solving the
initial value problem with moving mirrors. Suppose
the initial conditions are specified at t = 0, repre-
sented as a sum of left and right moving components,
A0(x) = A0+(x)+A0−(x), consistent with the boundary
conditions. To find A+(t, x) and A−(t, x) at a differ-
ent time, one should construct the null lines from (x, t)
back to t = 0 line. These trajectories are x±(t), satisfy-
ing the “final” conditions x±(t) = x and x˙±(t) = ±1.
Then, if at initial time x˙±(0) = ±1, then A(t, x) =
A+(x+(0)) + A−(x−(0)); otherwise (x˙±(0) = ∓1), we
get A(t, x) = −A−(x+(0))−A+(x−(0)).
An equivalent point of view is that the time evolution is
a time-dependent map of a set of points xi(t) from t = 0
to any other time. As the points propagate, they carry
the associated initial values of A0±(xi) that determine
the field configuration at any other time.
4D. Unfolding cavity into a ring
Instead of keeping track of the right and left moving
waves in the cavity, it is convenient to unfold the cavity of
length z(t) into a ring of twice the circumference, 2z(t),
with only one direction of propagation. What used to be
a right moving wave (“right mover”) at point x ∈ (0, z(t))
maps onto a point x in the ring, while the left mover
at the same point maps onto point −x, with the same
direction of propagation along the ring, Figure 1. The
ring construction makes explicit the cyclic nature of the
wave propagation in the cavity: The left movers after
reflecting from x = 0 boundary become right movers, and
right movers after reflecting from the x = z(t) appear
as the left movers at x = −z(t), the two points being
identified on a ring. Upon reflection, the vector potential
that they carry, A0, flips sign; a full trajectory around the
ring contains two reflections and hence two sign changes.
This corresponds to a chiral wave equation
∂A
∂t
− ∂A
∂x
= 0, (11)
defined on a ring with a time-dependent circumference
2z(t). As a simple first order PDE it can be solved by
the method of characteristics. The characteristics are
the null lines that “transport” the vector potential A,
with no change, expect for sign flips at points (t, 0) and
(t, z(t)).
A general solution of the wave equation, Eq. (9),
rewritten on a ring becomes
A˜(t, x) = A+ (R(t− xs))−A+ (R(t+ xs)) |xs∈seg
→ A+ (R(t− x)) sign(x)|x∈ring (12)
where xs is the positive coordinate in the original cavity,
while x lives on a ring and can be either positive (right
mover) or negative (left mover). As was shown in Section
II B, A+(s) is an arbitrary function of x with period 2.
An initial value problem with the initial vector potential
A0(x) defined on the ring at t = 0, [−z(0), z(0)), is there-
fore solved by (12), by matching to the initial conditions,
A+(s) = A0(−z(0)s)sign(s), s ∈ [−1, 1); (13)
(14)
and constructing the inverse conformal function starting
with
R(x) = x, x ∈ [−1, 1), (15)
and bootstrapping with
R(t+ z(t)) = R(t− z(t)) + 2. (16)
Notice that while A0(x) is in general discontinuous at
x = 0, z(0), the function A+(s) is continuos.
E. Indicator basis
We will now construct the modes (basis) for the dy-
namical problem in terms of which an arbitrary initial
conditions can be expanded, and whose dynamics fully
determines the time evolution. A convenient choice is
the indicator basis. At t = 0 it is labeled by the position
x0 in [−z(0), z(0)),
Ax0(0, x) = 1δ(x− x0), (17)
where, 1δ(x) = 1 if |x| < δ/2, and zero otherwise. If
x0 are spaced by δ, and δ → 0, any continuous function
A0(x) can be expanded in this basis. The time evolu-
tion is governed by the light-ray propagation (see Section
II C),
Ax0(t, x) = 1δ(x− xx0(t)). (18)
Here xx0(t) is the null line originating at x0, xx0(0) = x0.
Hence the initial value problem is solved by
A(t, x) =
∑
x0
cx0Ax0(t, x), (19)
where
cx0 =
1
δ
∫
dxAx0(0, x)A0(x). (20)
III. PERIODIC DRIVE: STROBOSCOPIC
EVOLUTION AND THE FLOQUET MAP
As we saw in Section II E, the solution of the dynamical
problem simply reduces to finding the null line trajecto-
ries, xx0(t). This is the case in general, regardless of
whether the drive z(t) is periodic or not. If the drive is
periodic, the problem simplifies dramatically. In this sec-
tion we show that the dynamics of the electromagnetic
field in a periodically driven cavity is captured by the
stroboscopic observation synchronized with the drive.
The stroboscopic evolution is completely determined
by a map that relates positions x0 = xx0(0) and xx0(T )
one period later. If the map has fixed points, the long-
time evolution leads to collapse of the field to a discrete
set of fixed point trajectories. The map is invertible,
which will allow us to construct a discrete time-reversal
by simply changing the modulation protocol z(t). For
weak near-resonant drives we will calculate explicitly
both the single period and multi-period map function.
A. Floquet map
The chiral wave equation on a ring (11) is the first
order in time, and hence the field evolution does not
have “memory” and only depends on the current and
future cavity configurations. In this sense, the dynam-
ics is “Markovian”. After each period of modulation the
5cavity returns to its initial state. Therefore, the field evo-
lution over single period is a sufficient building block to
construct evolution over any number of periods. Using
the indicator basis (Section II E), the problem reduces to
finding the map relating the null line spatial coordinate
x0 at t = 0 to the one at t = T , x1 = xx0(T ).
Let us introduce map function, f(x) : xt0 → xt0+T ,
or using discrete-time indexing, xn+1 = f(xn). There is
a single null line originating from any point on the ring
that implements the map (as opposed to the original cav-
ity, which had two separate null lines corresponding to
left and right movers). The nested application of the
map function corresponds to the evolution over multiple
periods, f (p)(x) : xt0 → xt0+pT . It is convenient to de-
fine also the inverse map function, g = f−1. Indeed, if
f corresponds to propagation by single period forward
in time, g propagates back in time by one period. The
multi-period inverse map function implements the dis-
crete version of function R(x) from Eq. (8). Taking the
reference time to zero, t0 = 0,
g(p)(x) = z(0) mod (R(pT − x), 2). (21)
A discrete maps is characterized by its fixed points. As
the name suggests, a fixed point remains invariant under
the action of the map, x0 = f(x0). The fixed points can
be either stable or unstable, depending on whether a de-
viation from the fixed point, δ, grows or decays. To linear
order, δn = f ′(x0)δn−1. Thus, stable fixed points have
|f ′(x0)| < 1; for |f ′(x0)| > 1 they are unstable. There
can also be higher (than 1) period fixed points, defined
as x0 = f
(p)(x0) [for instance, f
(2)(x) = f(f(x))]. There
are necessarily at least p of those, since if x0 is a period
p fixed point, so is f(x0). As we will see, the period p
fixed points emerge when the cavity is driven near the
pth resonance mode of the cavity. The stable fixed points
correspond to the (stroboscopic) points where the cav-
ity energy is becoming infinitely concentrated in the long
time limit (“black holes”), and the unstable fixed points
to the points from which the energy is being repelled
(“white holes”). It is important to note, that the map
is static only stroboscopically, starting from some seed
time (or, equivalently, mirror oscillation phase). Ob-
served over continuous time, the fixed points actually
travel inside the cavity at the speed of light tracing out
fixed-point trajectories.
B. Fixed points and their evolutions with
parameters.
The simplest example of a situation that has fixed
points is a 1D cavity driven at the lowest frequency res-
onance, e.g.,
z(t) = L0 +A sin Ωt
with L0 = cT/2 = pic/Ω. (2L0 will denote the distance
light travels during the period of modulation; will use
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<latexit sha1_base64="fKQuE7hC16lQMgRBf b1PEEPTq5Y=">AAAB6nicdVDLSsNAFL3xWeur6tLNYBFchaSNbZcVNy4r2ge0oUymk3bsZBJmJkI J/QQ3LhRx6xe582+cPgQVPXDhcM693HtPkHCmtON8WCura+sbm7mt/PbO7t5+4eCwpeJUEtokMY9 lJ8CKciZoUzPNaSeRFEcBp+1gfDnz2/dUKhaLWz1JqB/hoWAhI1gb6eaif9cvFB3bLZdLThUZ4tS 8c8+QWsWrlErItZ05irBEo1947w1ikkZUaMKxUl3XSbSfYakZ4XSa76WKJpiM8ZB2DRU4osrP5qd O0alRBiiMpSmh0Vz9PpHhSKlJFJjOCOuR+u3NxL+8bqrDmp8xkaSaCrJYFKYc6RjN/kYDJinRfGI IJpKZWxEZYYmJNunkTQhfn6L/Satk8rHda69Yt5dx5OAYTuAMXKhCHa6gAU0gMIQHeIJni1uP1ov 1umhdsZYzR/AD1tsnZ1yN0A==</latexit><latexit sha1_base64="fKQuE7hC16lQMgRBf b1PEEPTq5Y=">AAAB6nicdVDLSsNAFL3xWeur6tLNYBFchaSNbZcVNy4r2ge0oUymk3bsZBJmJkI J/QQ3LhRx6xe582+cPgQVPXDhcM693HtPkHCmtON8WCura+sbm7mt/PbO7t5+4eCwpeJUEtokMY9 lJ8CKciZoUzPNaSeRFEcBp+1gfDnz2/dUKhaLWz1JqB/hoWAhI1gb6eaif9cvFB3bLZdLThUZ4tS 8c8+QWsWrlErItZ05irBEo1947w1ikkZUaMKxUl3XSbSfYakZ4XSa76WKJpiM8ZB2DRU4osrP5qd O0alRBiiMpSmh0Vz9PpHhSKlJFJjOCOuR+u3NxL+8bqrDmp8xkaSaCrJYFKYc6RjN/kYDJinRfGI IJpKZWxEZYYmJNunkTQhfn6L/Satk8rHda69Yt5dx5OAYTuAMXKhCHa6gAU0gMIQHeIJni1uP1ov 1umhdsZYzR/AD1tsnZ1yN0A==</latexit><latexit sha1_base64="fKQuE7hC16lQMgRBf b1PEEPTq5Y=">AAAB6nicdVDLSsNAFL3xWeur6tLNYBFchaSNbZcVNy4r2ge0oUymk3bsZBJmJkI J/QQ3LhRx6xe582+cPgQVPXDhcM693HtPkHCmtON8WCura+sbm7mt/PbO7t5+4eCwpeJUEtokMY9 lJ8CKciZoUzPNaSeRFEcBp+1gfDnz2/dUKhaLWz1JqB/hoWAhI1gb6eaif9cvFB3bLZdLThUZ4tS 8c8+QWsWrlErItZ05irBEo1947w1ikkZUaMKxUl3XSbSfYakZ4XSa76WKJpiM8ZB2DRU4osrP5qd O0alRBiiMpSmh0Vz9PpHhSKlJFJjOCOuR+u3NxL+8bqrDmp8xkaSaCrJYFKYc6RjN/kYDJinRfGI IJpKZWxEZYYmJNunkTQhfn6L/Satk8rHda69Yt5dx5OAYTuAMXKhCHa6gAU0gMIQHeIJni1uP1ov 1umhdsZYzR/AD1tsnZ1yN0A==</latexit><latexit sha1_base64="fKQuE7hC16lQMgRBf b1PEEPTq5Y=">AAAB6nicdVDLSsNAFL3xWeur6tLNYBFchaSNbZcVNy4r2ge0oUymk3bsZBJmJkI J/QQ3LhRx6xe582+cPgQVPXDhcM693HtPkHCmtON8WCura+sbm7mt/PbO7t5+4eCwpeJUEtokMY9 lJ8CKciZoUzPNaSeRFEcBp+1gfDnz2/dUKhaLWz1JqB/hoWAhI1gb6eaif9cvFB3bLZdLThUZ4tS 8c8+QWsWrlErItZ05irBEo1947w1ikkZUaMKxUl3XSbSfYakZ4XSa76WKJpiM8ZB2DRU4osrP5qd O0alRBiiMpSmh0Vz9PpHhSKlJFJjOCOuR+u3NxL+8bqrDmp8xkaSaCrJYFKYc6RjN/kYDJinRfGI IJpKZWxEZYYmJNunkTQhfn6L/Satk8rHda69Yt5dx5OAYTuAMXKhCHa6gAU0gMIQHeIJni1uP1ov 1umhdsZYzR/AD1tsnZ1yN0A==</latexit>
Ai
<latexit sha1_base64="4u3+Xny6NDvJvbdLo aMmqmSKE4s=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiS1tXFXceOyon1AG8pkOmmHTiZhZiK U0E9w40IRt36RO//G6UNQ0QMXDufcy733BAlnSjvOh5VbWV1b38hvFra2d3b3ivsHLRWnktAmiXk sOwFWlDNBm5ppTjuJpDgKOG0H46uZ376nUrFY3OlJQv0IDwULGcHaSLeXfdYvlhzbq1bKNQ85tlP 1ym7ZEPfMcy/OkWs7c5RgiUa/+N4bxCSNqNCEY6W6rpNoP8NSM8LptNBLFU0wGeMh7RoqcESVn81 PnaITowxQGEtTQqO5+n0iw5FSkygwnRHWI/Xbm4l/ed1Uh56fMZGkmgqyWBSmHOkYzf5GAyYp0Xx iCCaSmVsRGWGJiTbpFEwIX5+i/0mrbLsmmZtKqW4v48jDERzDKbhQgzpcQwOaQGAID/AEzxa3Hq0 X63XRmrOWM4fwA9bbJ3qwjd0=</latexit><latexit sha1_base64="4u3+Xny6NDvJvbdLo aMmqmSKE4s=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiS1tXFXceOyon1AG8pkOmmHTiZhZiK U0E9w40IRt36RO//G6UNQ0QMXDufcy733BAlnSjvOh5VbWV1b38hvFra2d3b3ivsHLRWnktAmiXk sOwFWlDNBm5ppTjuJpDgKOG0H46uZ376nUrFY3OlJQv0IDwULGcHaSLeXfdYvlhzbq1bKNQ85tlP 1ym7ZEPfMcy/OkWs7c5RgiUa/+N4bxCSNqNCEY6W6rpNoP8NSM8LptNBLFU0wGeMh7RoqcESVn81 PnaITowxQGEtTQqO5+n0iw5FSkygwnRHWI/Xbm4l/ed1Uh56fMZGkmgqyWBSmHOkYzf5GAyYp0Xx iCCaSmVsRGWGJiTbpFEwIX5+i/0mrbLsmmZtKqW4v48jDERzDKbhQgzpcQwOaQGAID/AEzxa3Hq0 X63XRmrOWM4fwA9bbJ3qwjd0=</latexit><latexit sha1_base64="4u3+Xny6NDvJvbdLo aMmqmSKE4s=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiS1tXFXceOyon1AG8pkOmmHTiZhZiK U0E9w40IRt36RO//G6UNQ0QMXDufcy733BAlnSjvOh5VbWV1b38hvFra2d3b3ivsHLRWnktAmiXk sOwFWlDNBm5ppTjuJpDgKOG0H46uZ376nUrFY3OlJQv0IDwULGcHaSLeXfdYvlhzbq1bKNQ85tlP 1ym7ZEPfMcy/OkWs7c5RgiUa/+N4bxCSNqNCEY6W6rpNoP8NSM8LptNBLFU0wGeMh7RoqcESVn81 PnaITowxQGEtTQqO5+n0iw5FSkygwnRHWI/Xbm4l/ed1Uh56fMZGkmgqyWBSmHOkYzf5GAyYp0Xx iCCaSmVsRGWGJiTbpFEwIX5+i/0mrbLsmmZtKqW4v48jDERzDKbhQgzpcQwOaQGAID/AEzxa3Hq0 X63XRmrOWM4fwA9bbJ3qwjd0=</latexit><latexit sha1_base64="4u3+Xny6NDvJvbdLo aMmqmSKE4s=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiS1tXFXceOyon1AG8pkOmmHTiZhZiK U0E9w40IRt36RO//G6UNQ0QMXDufcy733BAlnSjvOh5VbWV1b38hvFra2d3b3ivsHLRWnktAmiXk sOwFWlDNBm5ppTjuJpDgKOG0H46uZ376nUrFY3OlJQv0IDwULGcHaSLeXfdYvlhzbq1bKNQ85tlP 1ym7ZEPfMcy/OkWs7c5RgiUa/+N4bxCSNqNCEY6W6rpNoP8NSM8LptNBLFU0wGeMh7RoqcESVn81 PnaITowxQGEtTQqO5+n0iw5FSkygwnRHWI/Xbm4l/ed1Uh56fMZGkmgqyWBSmHOkYzf5GAyYp0Xx iCCaSmVsRGWGJiTbpFEwIX5+i/0mrbLsmmZtKqW4v48jDERzDKbhQgzpcQwOaQGAID/AEzxa3Hq0 X63XRmrOWM4fwA9bbJ3qwjd0=</latexit>
 Ai
<latexit sha1_base64="bzk8RjwNyqo4wDfFK hnXfy8ejUk=">AAAB63icdVDLSsNAFJ3UV62vqks3g0VwY0hia+Ou4sZlBfuANpTJdNIOnZmEmYl QQn/BjQtF3PpD7vwbJ20FFT1w4XDOvdx7T5gwqrTjfFiFldW19Y3iZmlre2d3r7x/0FZxKjFp4Zj FshsiRRgVpKWpZqSbSIJ4yEgnnFznfueeSEVjcaenCQk4GgkaUYx0Lp1dDeigXHFsv1b16j50bKf me65niHvuu5cX0LWdOSpgieag/N4fxjjlRGjMkFI910l0kCGpKWZkVuqniiQIT9CI9AwViBMVZPN bZ/DEKEMYxdKU0HCufp/IEFdqykPTyZEeq99eLv7l9VId+UFGRZJqIvBiUZQyqGOYPw6HVBKs2dQ QhCU1t0I8RhJhbeIpmRC+PoX/k7ZnuyaZ22qlYS/jKIIjcAxOgQvqoAFuQBO0AAZj8ACewLPFrUf rxXpdtBas5cwh+AHr7RPkU44U</latexit><latexit sha1_base64="bzk8RjwNyqo4wDfFK hnXfy8ejUk=">AAAB63icdVDLSsNAFJ3UV62vqks3g0VwY0hia+Ou4sZlBfuANpTJdNIOnZmEmYl QQn/BjQtF3PpD7vwbJ20FFT1w4XDOvdx7T5gwqrTjfFiFldW19Y3iZmlre2d3r7x/0FZxKjFp4Zj FshsiRRgVpKWpZqSbSIJ4yEgnnFznfueeSEVjcaenCQk4GgkaUYx0Lp1dDeigXHFsv1b16j50bKf me65niHvuu5cX0LWdOSpgieag/N4fxjjlRGjMkFI910l0kCGpKWZkVuqniiQIT9CI9AwViBMVZPN bZ/DEKEMYxdKU0HCufp/IEFdqykPTyZEeq99eLv7l9VId+UFGRZJqIvBiUZQyqGOYPw6HVBKs2dQ QhCU1t0I8RhJhbeIpmRC+PoX/k7ZnuyaZ22qlYS/jKIIjcAxOgQvqoAFuQBO0AAZj8ACewLPFrUf rxXpdtBas5cwh+AHr7RPkU44U</latexit><latexit sha1_base64="bzk8RjwNyqo4wDfFK hnXfy8ejUk=">AAAB63icdVDLSsNAFJ3UV62vqks3g0VwY0hia+Ou4sZlBfuANpTJdNIOnZmEmYl QQn/BjQtF3PpD7vwbJ20FFT1w4XDOvdx7T5gwqrTjfFiFldW19Y3iZmlre2d3r7x/0FZxKjFp4Zj FshsiRRgVpKWpZqSbSIJ4yEgnnFznfueeSEVjcaenCQk4GgkaUYx0Lp1dDeigXHFsv1b16j50bKf me65niHvuu5cX0LWdOSpgieag/N4fxjjlRGjMkFI910l0kCGpKWZkVuqniiQIT9CI9AwViBMVZPN bZ/DEKEMYxdKU0HCufp/IEFdqykPTyZEeq99eLv7l9VId+UFGRZJqIvBiUZQyqGOYPw6HVBKs2dQ QhCU1t0I8RhJhbeIpmRC+PoX/k7ZnuyaZ22qlYS/jKIIjcAxOgQvqoAFuQBO0AAZj8ACewLPFrUf rxXpdtBas5cwh+AHr7RPkU44U</latexit><latexit sha1_base64="bzk8RjwNyqo4wDfFK hnXfy8ejUk=">AAAB63icdVDLSsNAFJ3UV62vqks3g0VwY0hia+Ou4sZlBfuANpTJdNIOnZmEmYl QQn/BjQtF3PpD7vwbJ20FFT1w4XDOvdx7T5gwqrTjfFiFldW19Y3iZmlre2d3r7x/0FZxKjFp4Zj FshsiRRgVpKWpZqSbSIJ4yEgnnFznfueeSEVjcaenCQk4GgkaUYx0Lp1dDeigXHFsv1b16j50bKf me65niHvuu5cX0LWdOSpgieag/N4fxjjlRGjMkFI910l0kCGpKWZkVuqniiQIT9CI9AwViBMVZPN bZ/DEKEMYxdKU0HCufp/IEFdqykPTyZEeq99eLv7l9VId+UFGRZJqIvBiUZQyqGOYPw6HVBKs2dQ QhCU1t0I8RhJhbeIpmRC+PoX/k7ZnuyaZ22qlYS/jKIIjcAxOgQvqoAFuQBO0AAZj8ACewLPFrUf rxXpdtBas5cwh+AHr7RPkU44U</latexit>
Aj
<latexit sha1_base64="fKQuE7hC16lQMgRBf b1PEEPTq5Y=">AAAB6nicdVDLSsNAFL3xWeur6tLNYBFchaSNbZcVNy4r2ge0oUymk3bsZBJmJkI J/QQ3LhRx6xe582+cPgQVPXDhcM693HtPkHCmtON8WCura+sbm7mt/PbO7t5+4eCwpeJUEtokMY9 lJ8CKciZoUzPNaSeRFEcBp+1gfDnz2/dUKhaLWz1JqB/hoWAhI1gb6eaif9cvFB3bLZdLThUZ4tS 8c8+QWsWrlErItZ05irBEo1947w1ikkZUaMKxUl3XSbSfYakZ4XSa76WKJpiM8ZB2DRU4osrP5qd O0alRBiiMpSmh0Vz9PpHhSKlJFJjOCOuR+u3NxL+8bqrDmp8xkaSaCrJYFKYc6RjN/kYDJinRfGI IJpKZWxEZYYmJNunkTQhfn6L/Satk8rHda69Yt5dx5OAYTuAMXKhCHa6gAU0gMIQHeIJni1uP1ov 1umhdsZYzR/AD1tsnZ1yN0A==</latexit><latexit sha1_base64="fKQuE7hC16lQMgRBf b1PEEPTq5Y=">AAAB6nicdVDLSsNAFL3xWeur6tLNYBFchaSNbZcVNy4r2ge0oUymk3bsZBJmJkI J/QQ3LhRx6xe582+cPgQVPXDhcM693HtPkHCmtON8WCura+sbm7mt/PbO7t5+4eCwpeJUEtokMY9 lJ8CKciZoUzPNaSeRFEcBp+1gfDnz2/dUKhaLWz1JqB/hoWAhI1gb6eaif9cvFB3bLZdLThUZ4tS 8c8+QWsWrlErItZ05irBEo1947w1ikkZUaMKxUl3XSbSfYakZ4XSa76WKJpiM8ZB2DRU4osrP5qd O0alRBiiMpSmh0Vz9PpHhSKlJFJjOCOuR+u3NxL+8bqrDmp8xkaSaCrJYFKYc6RjN/kYDJinRfGI IJpKZWxEZYYmJNunkTQhfn6L/Satk8rHda69Yt5dx5OAYTuAMXKhCHa6gAU0gMIQHeIJni1uP1ov 1umhdsZYzR/AD1tsnZ1yN0A==</latexit><latexit sha1_base64="fKQuE7hC16lQMgRBf b1PEEPTq5Y=">AAAB6nicdVDLSsNAFL3xWeur6tLNYBFchaSNbZcVNy4r2ge0oUymk3bsZBJmJkI J/QQ3LhRx6xe582+cPgQVPXDhcM693HtPkHCmtON8WCura+sbm7mt/PbO7t5+4eCwpeJUEtokMY9 lJ8CKciZoUzPNaSeRFEcBp+1gfDnz2/dUKhaLWz1JqB/hoWAhI1gb6eaif9cvFB3bLZdLThUZ4tS 8c8+QWsWrlErItZ05irBEo1947w1ikkZUaMKxUl3XSbSfYakZ4XSa76WKJpiM8ZB2DRU4osrP5qd O0alRBiiMpSmh0Vz9PpHhSKlJFJjOCOuR+u3NxL+8bqrDmp8xkaSaCrJYFKYc6RjN/kYDJinRfGI IJpKZWxEZYYmJNunkTQhfn6L/Satk8rHda69Yt5dx5OAYTuAMXKhCHa6gAU0gMIQHeIJni1uP1ov 1umhdsZYzR/AD1tsnZ1yN0A==</latexit><latexit sha1_base64="fKQuE7hC16lQMgRBf b1PEEPTq5Y=">AAAB6nicdVDLSsNAFL3xWeur6tLNYBFchaSNbZcVNy4r2ge0oUymk3bsZBJmJkI J/QQ3LhRx6xe582+cPgQVPXDhcM693HtPkHCmtON8WCura+sbm7mt/PbO7t5+4eCwpeJUEtokMY9 lJ8CKciZoUzPNaSeRFEcBp+1gfDnz2/dUKhaLWz1JqB/hoWAhI1gb6eaif9cvFB3bLZdLThUZ4tS 8c8+QWsWrlErItZ05irBEo1947w1ikkZUaMKxUl3XSbSfYakZ4XSa76WKJpiM8ZB2DRU4osrP5qd O0alRBiiMpSmh0Vz9PpHhSKlJFJjOCOuR+u3NxL+8bqrDmp8xkaSaCrJYFKYc6RjN/kYDJinRfGI IJpKZWxEZYYmJNunkTQhfn6L/Satk8rHda69Yt5dx5OAYTuAMXKhCHa6gAU0gMIQHeIJni1uP1ov 1umhdsZYzR/AD1tsnZ1yN0A==</latexit>
Ai
<latexit sha1_base64="4u3+Xny6NDvJvbdLo aMmqmSKE4s=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiS1tXFXceOyon1AG8pkOmmHTiZhZiK U0E9w40IRt36RO//G6UNQ0QMXDufcy733BAlnSjvOh5VbWV1b38hvFra2d3b3ivsHLRWnktAmiXk sOwFWlDNBm5ppTjuJpDgKOG0H46uZ376nUrFY3OlJQv0IDwULGcHaSLeXfdYvlhzbq1bKNQ85tlP 1ym7ZEPfMcy/OkWs7c5RgiUa/+N4bxCSNqNCEY6W6rpNoP8NSM8LptNBLFU0wGeMh7RoqcESVn81 PnaITowxQGEtTQqO5+n0iw5FSkygwnRHWI/Xbm4l/ed1Uh56fMZGkmgqyWBSmHOkYzf5GAyYp0Xx iCCaSmVsRGWGJiTbpFEwIX5+i/0mrbLsmmZtKqW4v48jDERzDKbhQgzpcQwOaQGAID/AEzxa3Hq0 X63XRmrOWM4fwA9bbJ3qwjd0=</latexit><latexit sha1_base64="4u3+Xny6NDvJvbdLo aMmqmSKE4s=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiS1tXFXceOyon1AG8pkOmmHTiZhZiK U0E9w40IRt36RO//G6UNQ0QMXDufcy733BAlnSjvOh5VbWV1b38hvFra2d3b3ivsHLRWnktAmiXk sOwFWlDNBm5ppTjuJpDgKOG0H46uZ376nUrFY3OlJQv0IDwULGcHaSLeXfdYvlhzbq1bKNQ85tlP 1ym7ZEPfMcy/OkWs7c5RgiUa/+N4bxCSNqNCEY6W6rpNoP8NSM8LptNBLFU0wGeMh7RoqcESVn81 PnaITowxQGEtTQqO5+n0iw5FSkygwnRHWI/Xbm4l/ed1Uh56fMZGkmgqyWBSmHOkYzf5GAyYp0Xx iCCaSmVsRGWGJiTbpFEwIX5+i/0mrbLsmmZtKqW4v48jDERzDKbhQgzpcQwOaQGAID/AEzxa3Hq0 X63XRmrOWM4fwA9bbJ3qwjd0=</latexit><latexit sha1_base64="4u3+Xny6NDvJvbdLo aMmqmSKE4s=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiS1tXFXceOyon1AG8pkOmmHTiZhZiK U0E9w40IRt36RO//G6UNQ0QMXDufcy733BAlnSjvOh5VbWV1b38hvFra2d3b3ivsHLRWnktAmiXk sOwFWlDNBm5ppTjuJpDgKOG0H46uZ376nUrFY3OlJQv0IDwULGcHaSLeXfdYvlhzbq1bKNQ85tlP 1ym7ZEPfMcy/OkWs7c5RgiUa/+N4bxCSNqNCEY6W6rpNoP8NSM8LptNBLFU0wGeMh7RoqcESVn81 PnaITowxQGEtTQqO5+n0iw5FSkygwnRHWI/Xbm4l/ed1Uh56fMZGkmgqyWBSmHOkYzf5GAyYp0Xx iCCaSmVsRGWGJiTbpFEwIX5+i/0mrbLsmmZtKqW4v48jDERzDKbhQgzpcQwOaQGAID/AEzxa3Hq0 X63XRmrOWM4fwA9bbJ3qwjd0=</latexit><latexit sha1_base64="4u3+Xny6NDvJvbdLo aMmqmSKE4s=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiS1tXFXceOyon1AG8pkOmmHTiZhZiK U0E9w40IRt36RO//G6UNQ0QMXDufcy733BAlnSjvOh5VbWV1b38hvFra2d3b3ivsHLRWnktAmiXk sOwFWlDNBm5ppTjuJpDgKOG0H46uZ376nUrFY3OlJQv0IDwULGcHaSLeXfdYvlhzbq1bKNQ85tlP 1ym7ZEPfMcy/OkWs7c5RgiUa/+N4bxCSNqNCEY6W6rpNoP8NSM8LptNBLFU0wGeMh7RoqcESVn81 PnaITowxQGEtTQqO5+n0iw5FSkygwnRHWI/Xbm4l/ed1Uh56fMZGkmgqyWBSmHOkYzf5GAyYp0Xx iCCaSmVsRGWGJiTbpFEwIX5+i/0mrbLsmmZtKqW4v48jDERzDKbhQgzpcQwOaQGAID/AEzxa3Hq0 X63XRmrOWM4fwA9bbJ3qwjd0=</latexit>
 Aj
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FIG. 1. (a) World lines of waves and mirrors in a 1D cavity
with modulated length. As the electromagnetic wave propa-
gates in thecavity, the vector potential is transported along
the null lines, only changing sign upon reflection from mir-
rors. A field configuration at any reference time (horizontal
dashed line) thus maps onto a field configuration at any other
time by following the null lines. (b) A linear cavity of length
z(t) can be “unfolded” into a ring of twice the circumference,
2z(t), with only one direction of propagation. What used to
be a right moving wave (“right mover”) at point x ∈ (0, z(t))
maps onto a point x in the ring, while the left mover at the
same point maps onto point −x, with the same direction of
propagation along the ring.
L to denote the average cavity length, that can be dif-
ferent from L0.) Then, trajectories that encounter the
moving wall at the “neutral” position, z(t) = L0 (which
happens in this specific example at times t = nT/2, n
integer), will keep coming back to the mirror after the
mirror period T . Observed stroboscopically, they corre-
spond to fixed-points. There are two distinct trajectories
of this kind: one with z˙(t) > 0 at the time of the en-
counter (t = nT ), and the other with z˙(t) < 0 (encoun-
ters at t = (n + 1/2)T ), that produce negative and pos-
itive Doppler shift for the cavity light, respectively. The
Doppler shift of the frequency or wavelength describes
the contraction or expansion of the incoming wave (e.g.,
internode distance). Therefore, there is direct correspon-
dence between the sign of the Doppler shift on the fixed-
point trajectory and the stability of the corresponding
fixed point: positive frequency shift corresponds to sta-
ble fixed points, and vice versa.
The fixed points persist also away from the perfect
resonance conditions, for any smooth function z(t) with
period T as long as min z(t) < L0 < max z(t). Geomet-
rically, the fixed points trajectories pass through (reflect
from) the intersections of x = z(t) and x = L0. As the
function z(t) changes, the fixed points can appear and
disappear, typically in pairs of stable and unstable fixed
points. The happens when x = L0 line touches z(t).
When fixed points are preset, in the long time limit, the
light inside the cavity gets infinitely compressed into ul-
tra short pulses that travel between the mirrors with the
period of the drive. Outside the fixed point regime there
is no infinite compression, and observed stroboscopically
6the ray position keeps shifting with every period.
In addition to the period-one fixed points, there can
also be higher period fixed points. These occur when
during the round trip through the cavity, the moving
mirror performs several oscillations; they correspond to
the cavity driven near its higher order resonance p > 1.
Similar to the p = 1 case, the location of the fixed point
trajectories is defined by the intersection of x = z(t)
and x = pL0 lines. When the fixed points exist, there
are at least 2p of them, one stable and one unstable for
every period of the drive. For each fixed point, there
is a corresponding fixed point trajectory. A particular
consequence of having multiple stable fixed points is that
under driving, any initially uniform (e.g. eigen-mode) of
the cavity becomes split into p equally spaced pulses.
C. Direct and inverse map functions
In this section we construct the equations that the
single-period direct (f) and inverse (g) map functions
satisfy. Suppose we are interested in the map function
starting at time t0, f : x(t0)→ x(t0 +T ), or x0 → x1 for
short. For concreteness will assume that during the pe-
riod of modulation, the ray encounters the moving wall
precisely once; that is, the modulation frequency Ω is
near the fundamental resonance (higher resonances can
be treated analogously). The time of encounter with the
moving mirror is determined by
tm = t0 +
z(tm)− x0
c
(22)
= t0 + T − z(tm) + x1
c
. (23)
The total spatial length of the trajectory over the period
of drive is
2L0 = 2z(tm)− x0 + x1. (24)
The above two equations specify the map x0 → x1 im-
plicitly. If the nonlinear equation (23) is solvable analyt-
ically, the map can be constructed explicitly. Otherwise
we can resort to numerics or perturbation theory. Due to
the assumed periodicity of z(t), the identical map relates
any xn and xn+1. Somewhat more explicitly, the direct
and the inverse maps are given by
f(x0) = x1 = −2[z(tm)− L0] + x0,
g(x1) = x0 = 2[z(tm)− L0] + x1. (25)
Maps of this kind, connecting two points on a circle,
have been first studied by Andrey Kolmogorov in relation
to the dynamics of kicked spinning rotors and are known
to have a number of interesting properties.
D. Symmetry between the direct and inverse
maps. Discrete time reversal.
Even though in general it is impossible to solve Eqs.
(23, 25) analytically, there is a useful relationship be-
tween the direct and inverse maps that allows to con-
struct a practical time reversal protocol. Such a protocol
can be used to compress a signal to a very short duration
and subsequently to perfectly reconstruct the original.
For concreteness let us stay close to the fundamental
resonance. In this case, z(t) ≈ L0. From Eq. (23),
z(tm) = z(t0 − [x0 − z(tm)]/c) (26)
= z(t0 − [x1 + z(tm)]/c).
Now, applying the transformation z(t) → 2L0 − z(t) is
equivalent to swapping x0 and x1 in both (25) and (23).
The modified modulation protocol makes the discrete-
time sequence xn run backwards in time! For example,
driving the mirror with some periodic protocol z(t) up to
some time t∗ and then changing it to 2L0−z(t) for t > t∗
is equivalent to doing a time reversal operation relative
to time t∗
ZTR(t) =
{
z(t), t < t∗
2L0 − z(t), t ≥ t∗. (27)
Naturally, this can only be safely done at times when
2L0−z(t∗) = z(t∗) – to avoid discontinuity in the trajec-
tory Z(t) at t∗. Also, for a perfect transformation one has
to avoid the situation when any part of the wave packet
arrives at the moving mirror at time t∗. Notice that this
discrete time reversal is not the same as the trivial – con-
tinuous – time reversal z(t) → z(−t) and x → −x, as it
does not require the time reversal of the light world lines.
If the cavity is driven at a higher harmonic, z(t) ≈
pL0, the corresponding time-reversal transformation that
undoes the higher-period map f (p) is
Z
(p)
TR(t) =
{
z(t), t < t∗
2pL0 − z(t), t ≥ t∗. (28)
IV. WEAK MODULATION: PERTURBATIVE
SOLUTION
In this section we will explicitly construct the sin-
gle and multiperiod Floquet map functions for a weakly
modulated mirror, for any z(t).
When the drive amplitude is small, [max z(t) −
min z(t)]/2  [max z(t) + min z(t)]/2 ≈ L0, to the low-
est order approximation, the solution of (26) is t0m =
t0 + [L0− x0]/c. Hence, the direct map is approximately
f(x0) = x1 = 2L0 − 2z
(
t0 +
L0 − x0
c
)
+ x0. (29)
Due to its simple explicit form, the result of the iterative
map application map (both forward and back in time)
can be easily computed. (Note that through Eq. (21),
the iterated map function g(p) also determines the Moore
conformal transformation function R.)
71. Long-time evolution
For a known map function, xn+1 = f(xn) can be iter-
ated to determine xn+q for an arbitrary integer q. De-
spite being explicit this is not always a convenient proce-
dure, for instance if we are interested in the limit of large
q. This is particularly true when the drive strength is
weak, and every application of the map function has only
a small effect. Fortunately, this is precisely the limit in
which an explicit evaluation of the iterated map is pos-
sible, in the particularly interesting case of the nearly
resonant drive.
For concreteness, consider the case of drive near the
fundamental resonance, L ≈ L0 = cT/2. Under the spec-
ified conditions the relative change of xn after one appli-
cation of the map function is small, |xn+1 − xn|  xn.
Thus, the iteration step n can be approximately treated
as a continuous variable, transforming the map equation
(29) into an ODE,
dx
dn
= 2L0 − 2z
(
t0 +
L− x
c
)
, (30)
or in the integral form∫ xn
x0
dx
2L0 − 2z
(
t0 +
L−x
c
) = n. (31)
There are two qualitatively distinct regimes that this ex-
pression covers, depending on whether the denominator
under the integral has roots as a function of x or not.
The roots correspond to the fixed point of the iteration.
If there are no roots, then as a function of time x keeps
drifting with an approximate rate dx/dn ≈ 2(L0 − L).
2. Weak harmonic modulation
Here we present the explicit results for an important
case of weak harmonic modulation,
z(t) = L+A sin(Ωt). (32)
Suppose that the modulation is at the fundamental res-
onance, L = L0, |A|  L0, which makes the conditions
of (30) satisfied (the near-resonant case L 6= L0 can also
be solved analytically).
After conveniently choosing the reference time t0, the
map ODE is
dx
dn
= 2A sin
pix
L0
, (33)
or, introducing rescaled variables, x˜ = pix/L0 and A˜ =
piA/L0,
dx˜
dn
= 2A˜ sin x˜. (34)
For A˜ > 0, it has an unstable fixed point at x˜u = 0 and
a stable one at x˜s = pi. It is clear from (34) that if the
initial x˜0 is inside the open interval (0, pi) the evolution
makes it gradually move toward the stable fixed point
[similarly for the interval (pi, 2pi)]. The equation (34) can
be integrated, relating the initial and the final values of
x˜,
tan x˜n/2
tan x˜0/2
= e2A˜n. (35)
In the long time (n 1) limit, this gives convergence to
the stable fixed point, unless the initial value x˜0 is pre-
cisely at the unstable fixed point. Indeed, let us define
δn ≡ pi−xn  1. Then, if δ0 ≡ x˜0  1 (start near unsta-
ble fixed point) we find δn ≡ pi − x˜n ≈ 4/δ0 exp(−2A˜n).
If δ0 ≡ pi − x˜0  1 then δn ≈ δ0 exp(−2A˜n). The lim-
iting cases can be understood by realizing that in the
long time limit, most of the iteration time spent in the
vicinity of the fixed points, either stable or unstable. For
instance, starting near the unstable fixed point, it takes
nu ∼ (log 1/δ0)/f ′u iterations to reach x˜ of order 1. From
there, the remaining ns = n − nu iterations go from 1
to δn near the stable fixed point, δn ∼ (f ′s)ns . Recalling
now that f ′u ≈ 1 + 2A˜, and f ′s ≈ 1 − 2A˜ we recover one
of the limiting expressions above.
Finally, the multi-period map function is
x˜n = 2 arctan(e
2A˜n tan
x˜0
2
). (36)
The case of a drive at higher cavity resonance can be
treated analogously. For a closer parallel, let us keep the
cavity size fixed at L0 and increase the drive frequency,
Ω = qΩ0 = qpic/L0, while keeping the “sampling fre-
quency” still at Ω0. This way one period of sampling
corresponds to q periods of drive. The new “continuous
time” evolution equation is
dx˜
dn
= 2A˜ sin qx˜, (37)
which obviously has a solution
g˜(x˜n) = (2/q) arctan(e
−2qnA˜ tan
qx˜n
2
). (38)
It has q stable and q unstable fixed points, separated by
distance pi/q. Note that qn that appears in the exponen-
tial counts the true number of periods of the drive, and
not of the “sampling.”
V. ENERGY DENSITY AND ENERGY
Fixed points of the stroboscopic cavity field evolution
described by the Floquet map correspond to the strong
concentration of the field energy. In this section we ex-
amine this effect in detail for the case of classical fields.
We find that the peaks become exponentially sharer and
more intense with time. Between the peaks, the energy
density becomes exponentially suppressed. The number
of peaks is given by the order of the driven resonance,
8q = 1 for the fundamental and q > 1 for the higher
modes. Such strong effects promise tantalizing opportu-
nities for creation of high intensity pulses of energy, and
also for “sweeping” the cavities – concentrating and re-
moving unwanted energy, which is equivalent to cooling
(Section VII). In Section VI we will repeat the analysis
for the quantum fields, in particular examine how the
vacuum energy is affected by pumping.
A. Qualitative picture
In the resonant or near-resonant retime, after the fixed
point dynamics is established, every reflection of the
pulse from the moving mirror leads to a multiplicative
Doppler shift, k → k(c + v)/(c − v), where k is the in-
coming wavevector and v is the mirror velocity at the
intersection with the fixed point trajectory (world line).
Coarse-graining over the fixed point trajectory period, T
(approximately the fundamental mode period for small
amplitudes of modulation)
k(t) ∼ k0
(
c+ v
c− v
)t/T
≈ k0e 2vtcT (39)
(we assumed here that |v|  c). The energy density
of a wave scales as k2A2, and the total energy as kA2.
Since the vector potential remains constant on the null
lines (up to the sign flips after every reflection), these
quantities grow exponentially with time as e
4vt
cT and e
2vt
cT ,
respectively (and decay exponentially for the unstable
fixed point trajectories).
The wave vector behavior in Eq. (39) is identical to
the one in the uniformly accelerating frame. This is not
a coincidence (for details see Appendix A).
B. Quantitative picture
We now quantify the above qualitative arguments.
Suppose the cavity is initialized in the state with the
vector potential A0(x), defined on the initial circle
[−z(0), z(0)), Fig. 1 which takes care of the left and right
movers, and thus is equivalent do defining the initial val-
ues and derivates of A on the segment [0, z(0)] needed
for the solution of the wave equation (1). The value of
the vector potential at any later space-time point (t, xt)
can be obtained by transporting back to time t = 0,
to determine the corresponding value of x0 and reading
off A(x0), as was discussed in Section II E. Let us intro-
duce for convenience the inverse map function, such that
x0 = g
(t)(xt), which extends the discrete inverse map
function g(p) (see, e.g., Section IV 2) to all times. Then,
the general solution of the wave equation is
A(xt, t) = A0(g(t)(xt)). (40)
The cavity energy is the integral of the energy density
(00 component of the energy-stress tensor T ),
E(t) =
∫
dxtT00(xt, t) (41)
=
1
2
∫
dxt
[(
∂A(xt, t)
∂xt
)2
+
(
∂A(xt, t)
∂t
)2]
=
∫
dxt
[
∂g(t)(xt)
∂xt
]2 [
A′0(g(t)(xt))
]2
(42)
=
∫
dx0
∂g(t)(xt)
∂xt
[A′0(x0)]2
=
∫
dx0
1
∂f (t)(x0)/∂x0
[A′0(x0)]2 (43)
(we used here |∂xg(t)(x)| = |∂tg(t)(x)| to eliminate time
derivatives). Note that ∝ |A′0|2 is the initial energy den-
sity. For instance, if the initial energy density is uniform,
then as a function of time it becomes proportional to
(∂g(t)(xt)/∂xt)
2.
C. Weak harmonic modulation
Let us go back to the example of harmonically modu-
lated cavity of Eq. (32). In the case of weak modulation
on the fundamental resonance, from Eq. (35) the inverse
map function is
x˜0 = g˜(x˜n) = 2 arctan(e
−2A˜n tan
x˜n
2
), (44)
and its derivative is
g′(xn) =
dx0
dxn
= g˜′(x˜n) =
dx˜0
dx˜n
(45)
=
1
e−2A˜n sin2 x˜n2 + e
2A˜n cos2 x˜n2
(46)
=
1
cosh(2A˜n) + sinh(2A˜n) cos x˜n
. (47)
The derivative g′ corresponds to spatial contraction be-
tween time 0 and time nT , and hence is related to the
Doppler shift in Eq. (39). Indeed, recognizing that
v = ΩA, the exponent in Eq. (39) is 2vt/cT = 2ΩAn/c =
2piAn/L0, identical to g
′ near the fixed point in the long
time limit.
The energy density and energy can now be computed
using Eq. (42) for arbitrary initial A0(x0). The energy
density is controlled by [g′(xn)]2. This function has a
peak of height e4A˜n near the stable fixed point. The
width of the peak is exponentially small, ∼ e−2A˜n.
The full energy can be explicitly calculated for initially
uniform energy density case; it grows exponentially start-
ing from its initial value as
En = E0 cosh 2A˜n, (48)
again consistent with the qualitative picture presented
above.
9VI. DYNAMICAL CASIMIR EFFECT
So far we’ve been focusing on the modification of the
classical cavity field by modulating the mirror position.
In this section we will consider the effect of the drive
on electromagnetic vacuum. Even if mirrors are static,
the vacuum is modified due to the boundary conditions
imposed by the mirrors. The eignemodes have a discrete
spectrum inside the cavity and continuous outside. While
the total zero-point energy of any finite volume of space
is infinite both with and without cavity, the energy dif-
ference between the two vacua is finite [23]. In 1D, this
difference, the Casimir energy, is
EC = − 1
24piL
. (49)
It is negative and is causing an observable attraction be-
tween mirrors separated by the distance L0. The static
Casimir effect has been experimentally measured [24–26].
A dynamical counterpart of the static Casimir effect
corresponds precisely to the modulated cavity problem
that we have been studying, however, starting from the
initial vacuum state. Modulation of the cavity has been
predicted to lead to a squeezed vacuum state, and genera-
tion of detectable photons [15, 16, 18, 27]. The signatures
of the dynamical Casimir effect have been detected ex-
perimentally in superconducting resonator circuits [28].
In this section we show how the earlier results can be ob-
tained using the Floquet map, and point out some general
features that follow directly from the Floquet picture.
As in Section V B, we examine the time-dependent
electromagnetic energy density, given by the 〈T00(x, t)〉
component of the stress energy tensor (Eq. (42)). For the
initially static electromagnetic vacuum, upon regulariza-
tion, it has been expressed in terms of the derivatives of
the R(x) function [17, 18],
〈T00(x, t)〉 = − 1
24pi
[
R′′′
R′
− 3
2
(
R′′
R′
)2
+
1
2
pi2(R′)2
]
,
(50)
adding the contributions of the left and the right movers.
For static mirrors, the first two terms vanish identically,
and the last term gives rise to the static Casimir effect.
With the help of the relationship (21), the energy density
can be expressed in terms of the inverse map function,
〈T00(x, t)〉 = − pi
24L2
[
g˜′′′
g˜′
− 3
2
(
g˜′′
g˜′
)2
+
1
2
(g˜′)2
]
, (51)
where g˜ is the scaled map function [see, e.g., (44)]. This
is a general expression that can be used for any weak pe-
riodic drive protocol. In the case of harmonic resonant
drive at the fundamental resonance, we can use the re-
sults of Eqs. (44) and (47). Direct substitution reveals
that the spatial derivatives – surprisingly – conspire in
such a way that the vacuum energy density remains uni-
form in space and constant in time, equal to the static
Casimir energy density,
〈T00(x, t)〉 = − pi
48L2
. (52)
Integration over x ∈ [−L,L] that amounts to including
both right and left movers gives the standard Casimir
energy (49). The lack of spatial dependence is a con-
sequence of a subtle cancellation effect and is special to
the drive at the fundamental resonator frequency. For a
drive at a higher harmonic of the fundamental, using Eq.
(38), we find instead
〈T00(x, t)〉 = − piq
2
48L2
+
pi(q2 − 1)
48L2
(g˜′)2, (53)
where
g′(x) =
1
cosh(2qnA˜) + sinh(2qnA˜) cos qx˜
, (54)
with tilde still indicating normalization by the cavity size,
x˜ = pix/L, n = t/T = ct/2L, and L is the size of the
cavity.
This result has interesting implications. As discussed
earlier, and can also be readily seen here, g˜′ is a strongly
peaked function whose width exponentially decreases
with time, and the height exponentially increases. Away
from this peak (there are q of them in fact), the vac-
uum energy density deficit that is responsible for the
Casimir attraction is amplified by the factor q2, com-
pared to the stationary cavity. In a qualitative analogy
with the classical case of Section V C, it appears as if
pi(q2−1)
24L2 of zero-point energy density is taken from the
vacuum and moved into the sharp pulses, whose energy
is amplified by pumping. Away from the peaks, the en-
ergy density approaches the value − piq224L2 exponentially
rapidly, just as it approached zero energy density in the
classical case. The Casimir energy density amplification
by factor of four was previously obtained by Law in an
exactly solvable model of (unharmonic) drive at twice the
fundamental frequency [16].
The total energy inside the cavity can be obtained by
spatial integration, in analogy to Eq. (48),
Eq(t) =
∫ L
−L
dx〈T00(x, t)〉 (55)
= − piq
2
24L
+
pi(q2 − 1)
24L
cosh
piqAct
L2
(56)
= − pi
24L
+
piq2(cosh piqActL2 − 1)
24L
. (57)
It starts from the static Casimir value (49), and then
increases exponentially with time. When the argument of
cosh becomes order 1, the Casimir attraction becomes the
Casimir repulsion. The light pressure, however, becomes
strongly time-dependent: periods of stronger than static
Casimir attraction are interspersed by the short repulsion
pulses from the peaks in the energy density.
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VII. CAVITY SWEEPING
As we have seen, parametrically driving a cavity near
its resonances leads to spatio-temporal concentration of
the initial classical field into short pulses with well de-
fined trajectories. One application of this effect is cool-
ing, or “sweeping” a cavity of unwanted electromagnetic
radiation. The protocol is straightworward: First drive
the cavity on resonance for a period of time needed to
reduce the energy density to desired level everywhere ex-
cept for the fixed-point peaks, and then “open” the mir-
ror at the moment when the pulse is about to arrive, to
let it out. Though superficially similar to the Maxwell’s
demon, there is no need to “observe” the pulse, since its
location (fixed point trajectory) is a deterministic func-
tion of the drive. While the cavity is open, external radi-
ation can enter; however, since the pulse – ideally – can
be made exponentially short, the in-flow of energy can
be made arbitrarily small.
In Section VI, we saw that similar energy concentration
also occurs when the initial state of the cavity is vacuum.
Pumping at any higher resonance except for the funda-
mental (q > 1) leads to the formation of the spatially con-
centrated energy density peaks riding on top of reduced
vacuum energy density background, Eq. (53). Again,
it appears that the energy pulses can be removed from
the cavity by briefly opening the mirror for time inter-
vals exponentially short in the pumping time, seemingly
allowing to make the energy in-flow arbitrarily small. Af-
ter all the pulses are let out and the cavity is frozen in
a static configuration, a paradoxical situation seems to
arise: the energy deficit in the cavity is increased by a
factor q2 compared to the static Casimir energy! This
has to be impossible, indicating a failure of the semiclas-
sical reasoning and the likely need to include the effects
of quantum entanglement between the interior (“tails”)
and the exterior (“peaks”) parts of the electromagnetic
modes. The situation appears to be analogous to the
entanglement between the interior and exterior of the
black hole horizon, responsible for Hawking radiation, or
entanglement between the right and left Rindler wedges
responsble for Unruh effect [29] (see Appendix A for con-
nection between the pumped cavity problem and Unruh
effect).
A. Practical considerations
Under ideal conditions, the pulses become infinitely
compressed. That would require ideal mirrors, perfectly
reflecting in the infinite band of frequencies, and very
stable modulation pattern of the moving mirror. Here
we estimate the practical limits due to inevtable imper-
fections.
1. Finite finesse
The finesse, or quality factor, Q, roughly counts the
number of times the waves bounce inside the cavity be-
fore escaping. This determines the number of times the
map function is applied to the pulse. In optical cavities,
it can be anywhere from 100 to 106. The correspond-
ing typical maximum compression factor (Eq. (39)) is
∼ e2Qv/c, which can be quite large.
The second criterion considers the energy balance in
the cavity. On every round trip, there is a probabil-
ity 1/Q for light to leave the cavity. Therefore, in
a static cavity energy decreases with time as E(t) =
E0e
−t/(QT ). On the other hand, in a driven cavity,
there is an energy amplification effect due to pumping
is E(t) = E0e
2vt/(cT ). Hence, as long as 1/Q < 2v/c,
pumping will dominate, producing net exponential gain
in energy. This situation is similar to the single oscilla-
tor parametric resonance: In the presence of dissipation,
even perfectly resonant pumping has to exceed a thresh-
old set by dissipation.
2. Mirror noise
If the mirror position modulation not perfectly peri-
odic, then after every round trip to the moving mirror,
the pulse finds itself at a slightly different phase of the
modulation. Due to the fact that the stable fixed points
of iteration persist over a range of parameters (cavity
length, modulation frequency, etc), the pulse compres-
sion is expected to be quite stable. A conservative esti-
mate for the effect of phase fluctuations can be obtained
in the following way. Suppose the phase of the modu-
lation jumps by order of pi every Tφ. Right after the
jump, the pulse finds itself outside the fixed point, and
has time Tφ to drift and compress toward the new fixed
point. Most conservatively, if it becomes completely de-
compressed during this time, the final compression will
be ∼ e2Tφv/(cT ) ∼ e2QMv/c, that is related to the quality
factor of the mirror modulation.
VIII. STROBOSCOPIC GENERAL
RELATIVITY
In this section we will build an analogy between the
stroboscopically observed light in a modulated cavity,
and the light propagation in curved spaces, characteristic
of the General Relativity (GR). In GR, the gravitational
field is encoded in the curvature of space-time. Among
the consequences of the space-time curvature is the light
deflection (lensing) by gravitating bodies, and even light
trapping by the black holes. The light propagation itself
can be used as a means to map the structure of space-
time.
The space inside the modulated cavities that we study
here is, of course, flat, and thus – in continuous time
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– the light propagation is trivial. The situation is
changed, however, by introducing the mirror modula-
tion and coarsegraining over the modulation period. Ob-
served stroboscopically at the integer multiples of the
modulation period, the cavity appears static. However,
the light propagation, as represented by the stroboscopic
light cones, encodes the mirror motion and can have non-
trivial curvature. The effective – stroboscopic – speed of
light can be arbitrarily slow, since the stroboscopic shift
is smaller than the actual light ray path length inside the
cavity. In particular, the light speed (one of them, to be
precise) vanishes at the fixed points of the Floquet map.
This suggests a connection between the fixed points and
the black hole/white hole horizons. An obvious caveat is
that the map only applies to massless fields such as light;
a massive neutral classical particle can be at rest inside
the cavity, oblivious to any possible photonic black holes
nearby. Since the time step of the stroboscopic observa-
tion is at least the cavity period, the limit of continuous
observation corresponds to sending the cavity size to zero.
Let us consider two representative cases: (a) a trivial
map generated by observing a stationary cavity strobo-
scopically with some sampling frequency and (b) a cavity
driven and observed with the same period, near one of
the cavity resonances. In the former case, as expected,
stroboscopic evolution corresponds to a space with a flat
(Minkowski) metric. In the latter case, the metric be-
comes position dependent, and the fixed points of the
map translate into the black hole and white hole event
horizons.
In the case (a), the map function xn+1 = f(xn) trans-
ports all points by the same distance and in the same
direction along the ring (Figure 2a). In the special case
of observation frequency equal to the cavity fundamental
resonance all points remain fixed, xn+1 = xn. We are
more interested however in a general “detuned” case. In
the linear cavity representation, which reinstates left and
right movers, we see that stroboscopic sampling induces
a trivial metric with the same (stroboscopic) light cones
at each position. Notice that the stroboscopic “speed
of light” is controlled by detuning between the sampling
rate and the cavity resonance.
In the case (b), we consider a map function that is posi-
tion dependent and has fixed points (Figure 2b). Now the
left and right speeds of light are in general different. At
the fixed points of the map function one of the speeds of
light vanishes. This is indeed what happens at the black
hole event horizon: the incoming light can cross the hori-
zon, while the “outgoing” light speed changes sign across
the horizon. While not obvious in the Schwarzschild co-
ordinates [30, 31], the Eddington-Finkelstein coordinates
[32–34] that parametrize space in terms of the incoming
null lines and the radius reveal precisely that.
The fixed points separate regions of space where the
speeds of light have the opposite or the same directions.
The latter is clearly anomalous, usually associated with
the interior of the black holes, where light propagates
away from the horizon in the direction of the r = 0 singu-
larity. In the GR realized by the driven cavity, however,
there is no singularity. The anomalous region is termi-
nated instead by another fixed point, through which all
light exits. This is the white hole horizon (WHH), a time
reversed partner of the black hole horizon (BHH).
a b
“BHH” “WHH” 
FIG. 2. Stroboscopic observation of static (a) and driven (b)
cavity. Black ellipses correspond to the cavity in a ring repre-
sentation (Section II D). The map function plotted as a func-
tion of position on the ring (red line). It indicates the distance
by which the the light emitted from a point on a ring is sifted
along the ring (counter-clock-wise, modulo the ring circum-
ference) after one period of observation. The blue points on
the ellipses are the corresponding stroboscopic “null points”
(connected by lines for clarity, so simulate “light cones”). The
lower row plots show the same information but in the linear
cavity format. For undriven cavity, which has a trivial (con-
stant) map function, the “light cones” are the same in every
point of the cavity (panel a). For a driven cavity (panel b),
the light cones become position dependent. Moreover, for a
map with fixed points (vertical dashed lines), one side of the
light cone becomes vertical, corresponding to zero propaga-
tion velocity. The anomalous (shaded) region between the
fixed points has only one direction of light propagation (to
the left in this figure). Accordingly, the right fixed point is
associated with the Black Hole horizon – nothing can escape
black hole interior, and the right fixed point with the White
Hole horizon – nothing can enter the white hole interior.
Notice that the BHH is associated with an unstable
fixed point, while the WHH with the stable fixed point
of the map, even though naively one could expect that
stable fixed point, which concentrates all classical energy
from the cavity, should be associated with a black hole.
This is not so; the cosmological black hole horizon is
indeed “unstable”: light just outside the horizon can es-
cape, and just inside begins for fall onto singularity, again
away from the horizon; this is the qualitative origin of
the Hawking radiation. On the other hand, the WHH
concentrates the fluxes both from the interior and the
incoming light from the exterior space. Because of the
compact geometry in our cavity case, in the long time
limit, all classical energy is concentrated on the WHH.
Thus driven cavity, stroboscopically observed, can be
used to simulate curved 1+1D spaces, including black
and white holes. The position of the “fixed points” de-
pends of course on the choice of the initial phase of the
drive (or, equivalently, the choice of the observation point
within the period). Observed continuously, instead of
stroboscopically, the BHH and WHH propagate inside
the cavity at true vacuum speed of light.
It is worth noting that both black and white holes
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appear simultaneously in the Kruskal-Szekeres coordi-
nates [34–36], which join two time-reversed copies of
Schwarzschild spaces. This parallels the fact that the
stable and unstable fixed points of the Floquet map are
the time reversed partners of each other: any non-trivial
trajectory must start near an unstable fixed point and
end near a stable fixed point. There are, however, no
obvious singularities in the cavity model: the light that
enters through the BHH, instead of falling onto singular-
ity, approaches WHH. And vice versa, instead of having
a singularity source inside the white hole, we have BHH.
Finally, it is tempting to explore if the stroboscopic
GR toy model can be applied to the case of quantum
fields. We saw in Section VI that driving the cavity vac-
uum at any resonance higher than the fundamental would
cause exponential energy and energy density growth in
the vicinity of the stable fixed points (WHH) while si-
multaneously depleting the vacuum energy density every-
where else. Can there be a quantum gravity/cosmological
analog of this effect as well?
The GR model described here relies on a finely-tuned
external driving of the mirror movement. However,
as mentioned in the Introduction, the need for an ex-
ternal coherent drive is superfluous, since even time-
independent energy source such as a battery can generate
an AC output that could drive our “toy universe”.
IX. NUMERICAL ILLUSTRATIONS
In this section we provide numerical illustrations for
Section III, including single and multiperiod map func-
tions for a cavity driven near fundamental resonance
(Section IX A); higher order fixed points that occur when
the cavity is driven at a higher than fundamental reso-
nance (Section IX B); compression/decompression proto-
cols that utilize the discrete time reversal technique pre-
sented in Section III D (Section IX C).
We also illustrate the exponential energy concentration
effect described in Section V that pumping has on the
classical cavity field (Section IX D). In this section we also
compare the numerically exact results with the analytics
derived in Section IV 2 for weak drives.
A. Single and multiperiod map function
Let us assume that a cavity mirror follows a harmonic
trajectory [Eq. (32)],
z(t) = L+A sin(Ωt). (58)
We will keep the frequency and the drive amplitude fixed
at Ω = pi and A = 0.1 and only vary L to scan through
the resonance. The perfect resonance condition is L =
L0 = pi/Ω = 1 (see Section IV 2); however, the fixed
points are expected to persist in a range of cavity lengths,
L ∈ [L0 −A,L0 +A].
Figure 3 shows the maps f (p) = f(f(...f(x))) : xn →
xn+p for L = 1, 0.95, 0.9, 0.87. All of these cases are
at or near the fundamental resonance; however, for L =
0.87, the period 1 map has no fixed points.
The top row of figures should be interpreted with the
periodic boundary conditions in mind, (Fig. 1b). For
clarity, the interval (−z(0), z(0)] is scaled to x ∈ (−1, 1],
with x = 1 and x = −1 identified. The intersections
between the map function f(x) and the y = x line are
the fixed points of the iteration. At one of the crossings
the slope is larger than one (unstable fixed point), and
at the other less than one (stable fixed point). The map
function is smooth; however, the plot sometimes suffers
from artificial discontinuities since it presents periodic
structure of the non-periodic domain.
The lower row shows the results of repeated application
of the map f (p)(x) to a set of points x, initially uniformly
distributed on the circle (−z(t0), z(t0)]. Those could be,
for instance, the nodes of the cavity eigenmodes of the
initially (for t < 0) static cavity. Since xn is defined on a
ring, it is represented by the polar angle, φn = pixn/z(t0)
(since z(t) comes back to z(0) after every period, the
denominator does not change from iteration to iteration).
The discrete time flows in the outward radial direction,
with the concentric circles counting the periods of the
drive. The radial plots show the expected exponential
convergence to fixed points when L0 ∈ (L0 − A,L0 +
A), δn ∼ exp−n. At the critical value of the cavity
length, L = L0 − A = 0.9, the stable and unstable fixed
points merge. It is easy to see that the map function
yields neither stable nor unstable fixed point, since f ′ =
1. Inclusion of the curvature f ′′ leads to “one-sided”
algebraic convergence δn ∼ 1/n on the flatter side of f
near the touching point, and instability on the other [37].
For L < L0 − A, f(x) has no fixed points, and the map
function gradually moves xn around the circle.
B. Higher period fixed points
When cavity is driven at a frequency significantly
higher than the fundamental, a single application of the
map function, which corresponds to time evolution over
one period of the drive, does not have fixed points, that
is, x = f(x) does not have solutions. However, when
the drive frequency approaches one of the higher har-
monics of the fundamental frequency, Ω ≈ pΩ0, higher
order fixed points become possible. Those correspond to
nested applications of the single period map functions,
x = f (p)(x), which evolve over multiple periods of the
drive needed to complete a round trip between the mir-
rors. On general grounds (Section III B), fixed points
should come in sets of p equivalent ones (their number
can in fact be any multiple of p, depending on the details
of function z(t) and L; however, in general, different mul-
tiplets are going to be inequivalent). If there is a fixed
point at x∗, then f(x∗) is a distinct but equivalent fixed
point.
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FIG. 3. Top row: map functions xn → xn+p for Eq. (32). Ω = pi, A = 0.1. Left to right: L = 1, 0.95, 0.9, 0.87. The
horizontal and vertical axes have been rescaled to [−1,+1]. Periodicity in the vertical direction is implied. The crossing of
the smooth part of the map with the diagonal are the fixed points. The vertical discontinuities are artifacts of representing a
periodic function on a linear graph. Bottom row: Iterative application of the map function (same parameters as the top row)
to a set of initial positions on [−z(t0), z(t0)) ring. Concentric rings count the numbers of iterations.
Figure 4 shows numerical results for the model Eq.
(32) for Ω = pΩ0, for p = 2 (a and b), and p = 3 (c).
The higher order map function for the case p = 2 (Fig.
4a) shows twice the number of crossings as in the case
p = 1 (Fig. 3), two stable and two unstable. The iterative
application of f (2)(x) map (Fig. 4b) shows convergence
to two fixed points (black rings mark the individual drive
periods; the iterations proceed in steps of 2). The almost
straight ”rays” coming out vertically correspond to un-
stable fixed points: arbitrarily tiny deviation from the
exact fixed point grows exponentially with the discrete
time. Figure 4c shows analogous plot for p = 3.
C. Time-reversal: Signal compression and
decompression
In this section we illustrate how the discrete time re-
versal protocol described in Section III D can be applied
for signal compression, transmission, and reconstruction.
As we have already seen, if a (multi-period) map func-
tion has fixed points, e.g., x = f (p)(x), then there is
an exponential compression of the initial field A(t0, x)
around a few fixed point trajectories. That is, the (near-
resonant) pumping automatically leads to compression,
which may be useful, e.g., for signal transmission (shift-
ing signal into frequency range to minimize losses, to
avoid interception, or for multiplexing purposes). The
recovery of the original signal can be achieved with the
help of the discrete time-reversal of Section III D, in par-
ticular utilizing the protocol (27).
In Figure 5, the time reversal protocol relative to some
time t∗ is illustrated in the world-line picture. We used
the model Eq. (32) for the movement of the mirror at
t < t∗. The thick black line on the right is the trajec-
tory of the moving mirror. The other mirror is located
at x = 0. The break in the first (a and c) and the sec-
ond (b) derivatives of the mirror world line indicates the
time inversion boundary t∗ (also marked by horizontal
black line). The map function relates the coordinate of
null-line at time t and t + T . In the panels a and b,
the horizontal thin lines are spaced vertically by T . The
intersections of null lines with the black line map onto in-
tersections with the upper red line, etc. The application
of the time-reversal protocol (27) makes the values at the
intersections with the upper red line identical to the ones
with the lower red line. Similarly for the blue lines. The
correspondence is not affected if the whole set of lines
is shifted rigidly vertically. This simply corresponds to
change in the reference time t0 of the map.
Figure 5a is at the perfect resonance condition, L =
L0. The time reversed protocol z(t > t
∗) amounts to
a mere pi shift relative to z(t < t∗), which could have
been naively guessed. Figure 5b, on the other hand, is
at the boundary of the fixed point region, L = L0 + A,
with the fixed point world line reflecting from the mirror
at its extreme left position. The time-reversed protocol
z(t > t∗) corresponds to the reflection around x = L0 line
and even has a different average cavity length, L = L0−
A. Again, inspection of the intersections of the null-lines
with the horizontal colored guides spaced by T shows
that the time-inversion procedure works. Finally, Fig.
5c applies the generalized time-reversal protocol (28) to
the case of a higher resonance, p = 2, for L = 2L0. The
time reversal now applies to the period-two map, f (2);
therefore the horizontal reference (observation) lines are
now spaced by 2T instead of T , and z(t > t∗) corresponds
to the reflection of z(t < t∗) around x = 2L0 line. Again,
the accurate mapping is verified.
The stroboscopic view of the time-reversal procedure
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FIG. 4. The model of Eq. (32) for Ω = pi, A = 0.1. (a) Period-
two map function, xn+1 = f(f(xn)) for L0 = 2. Notice two
pairs of fixed points, two stable and two unstable. Similar to
Figure 3 the horizontal and vertical axes have been rescaled
to [−1,+1]. (b) Iterative application of the map function
from (a) to a set of initial positions on [−z(t0), z(t0)) circle.
Black concentric rings count the numbers of drive periods.
Note that the map iteration proceed in steps of 2. (c) Same
as (b), but for the case L = 3, and period-3 map function,
xn+1 = f(f(f(xn))).
is shown in Figure 6. Here, only the values of the iter-
ated map xn (intersections of the null lines and horizontal
guide lines from Fig. 5) are shown starting from several
initial conditions for the null lines. Figure 6a shows com-
pression followed by immediate decompression. Vertical
green line marks the return to the initial values x0. In
Figure 6b, a more complex protocol is employed: an un-
driven propagation (z(t) = const), followed by compres-
sion, then another interval of free propagation, followed
by decompression. It is important for the compression
and decompression protocols (z(t) 6= const) to be rela-
tively synchronized; however, the free propagation need
not even be inside the cavity.
D. Classical energy density: Analytical vs.
Numerical results
We now illustrate the exponential energy concentration
phenomenon described in Section V. We consider here the
classical fields, and assume that the initial energy density
is uniform.
In Section IV we gave analytical results for the mul-
tiperiod map function f (p) that are expected to ap-
ply in the weak near-resonant drive limit, A/L  1,
L − pL0  L0. Here we test the quality of the ana-
lytical solutions by comparing them to the numerically
exact results at various drive amplitudes.
Figure 7 shows the snapshot of energy density after
several periods of resonant drive (L = L0 = 1) for two
drive amplitudes, A = 0.1 and A = 0.05. The analytical
result (47) fits well in both cases in the full range of
positions x, predictably improving for smaller A.
Figure 8 shows the energy density and the total en-
ergy as a function of the number of drive periods (that
is, discrete time), for drive amplitude A = 0.1. Both the
energy density and the total energy increase exponen-
tially with time. Again, there is a good agreement with
the analytical results (42) and (47), as well as the quali-
tative considerations based on the multiplicative Doppler
shifts near the stable fixed point, Eq. (39).
X. SUMMARY AND DISCUSSION
The principal result of this work is the connection be-
tween the problem of a parametrically driven electro-
magnetic cavity and dynamical systems. The dynamical
systems – specifically, maps – are characterized by their
attractors. In 1D, these are fixed points, which can be
stable and unstable, and, as a function of control parame-
ters, can undergo bifurcations and other transformations,
including heralding chaos [38]. Interestingly, a similar –
Floquet – map account for the evolution of the electro-
magnetic field in a periodically modulated cavity. The
fixed points of the Floquet map are the loci of the energy
concentration in the long time limit. On the practical
side, Floquet maps can be tuned to perform signal com-
pression and decompression. On the conceptual side, the
maps realize spatial transformations that can be recast
into the general relativity language, with the fixed points
corresponding to the black hole and white hole horizons.
In this section, we point out connections to some well
known phenomena, discuss extensions and applications,
as well as expand on some nuances of the presented re-
sults.
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FIG. 5. Time-reversal operation (27) applied to a model for Eq. (32); Ω = pi; thick wavy line on the right represents world
line of the moving mirror. The second (static) mirror is located at x = 0. The moment of protocol time-reversal is marked by
horizontal black line. Same color line below and above mark states that are time-reversed partners. (a) L = 1, A = 0.1; (b)
L = 1.1, A = 0.1; (c) L = 2, A = 0.2.
a
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FIG. 6. Discrete time iterated map starting form a set of
initial values of x for L = L0 = 1, A = 0.15. (a) Compres-
sion followed by immediate decompression. Time reversal is
applied at t∗ = 16. The lines are symmetric with respect to
this time. The vertical green line marks the return to the ini-
tial conditions. Lower subplot shows the mirror modulation
protocol, z(t). (b) Compression followed by free propagation
before decompression. Lower subplot shows the mirror mod-
ulation protocol, z(t).
A. Relation to other phenomena
Relation to mode-locked lasers. Resonant modulation
of electromagnetic cavity properties has been the key in-
vention that enabled the ultra-short pulse generation in
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FIG. 7. Snapshot of the energy density, starting from the
initially uniform for A = 0.1 (red) and A = 0.05 (blue), after
4 and 8 periods of cavity modulation (on resonance L = L0 =
1). (a) Log scale, (b) zoomed-in linear scale. Black dashed
line is the theoretical result (42) and (47) that corresponds
to An = 0.4. The fit improves for weaker modulation, as
expected.
mode locked lasers [39]. In the modern solid state lasers,
the mode locking effect is typically achieved by active
electro-optical or acousto-optical modulation or via “pas-
sive” saturable absorbers. However, the original realiza-
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periods; A = 0.1, on resonance L = L0 = 1. Black dashed
lines are the theoretical result from (42) and (47).
tions of mode locking in the gas lasers indeed involved
the spatial modulation of the mirror separation [40–42].
In the case of lasers, the primary source of energy is elec-
trical or optical one, which creates population inversion;
the emitted light occupies a number of the cavity modes,
with generally random relative phases. The standard pic-
ture of mode-locked lasing is that the cavity modulation
locks all modes to be (very large) integer multiples of the
modulation frequency, with synchronized phases. The re-
sult is very short and intense pulses of energy bouncing
back and forth inside the cavity. Clearly, there is a close
relationship between this standard (Fourier space) pic-
ture and the real space description in this paper, which
provides interpretation of the mode locking in terms of
fixed points of a real space map.
Relation to frequency modulation. Waves are a univer-
sal carrier of energy and information. The standard tech-
nique for information transmission is to take a monochro-
matic carrier wave and encode information by modulat-
ing either the amplitude (AM) of the frequency/phase
(FM) of the wave with the signal. A possible way to pro-
duce phase modulation is to reflect the carrier wave from
a moving mirror – changing the mirror position changes
the path length, thus introducing the phase shift directly
proportional to the mirror displacement (and frequency
shift proportional to the mirror velocity). The cavity
setup with one moving and one stationary mirror that’s
been the focus of the present work is therefore a way
to create a resonant phase modulation loop that shifts
frequency to zero everywhere, except for the fixed point
trajectory where it becomes infinite.
B. Further directions and applications
Applicability to individual photon “wavefunctions.”
The cavity modulation techniques can significantly
change the properties of the classical cavity fields, and
even modify the vacuum energy. For quantum informa-
tion applications it could be useful to be able to change
the properties of individual photons, e.g. to shift their
frequency to a more convenient range for transmission.
Whether it is possible to perform such a manipulation
while preserving quantum information [43] is an interest-
ing question. Moreover, the parametric pumping should
allow creation of spatially multi-partite single and multi
photon quantum states (cat stats), that should have un-
usual quantum correlations.
Non-1D cavities. In this work we focused on the dy-
namics of driven 1D cavities for the reasons of simplic-
ity. Such cavities indeed exist and can have high quality
factor, as is the case for superconducting strip-line res-
onators. It is however interesting to explore whether it
is possible to implement a synchronous driving protocol
with 2D circular or 3D spherical cavities. The resonant
locking conditions should remain essentially the same as
in 1D for the symmetric (s)-waves in circular and spher-
ical cavities; however, one can expect a dramatic en-
ergy density amplification when the energy pulses pass
through in the cavity center. For instance, for a spherical
cavity of radius R, and the pulse width ξ, the amplifica-
tion of energy density at the center, within a volume ξ3 is
by about a factor (R/ξ)2 compared to when the pulse is
near the resonator surface. Similar focusing phenomenon
occurs in the acoustic waves in spherical cavities and can
lead to sonoluminescence [44].
Beyond simple resonances. Here we studied the cases
when the cavity modulation is performed at the frequen-
cies near the unperturbed cavity resonances, Ω = pΩ0.
However, we cannot rule out additional interesting fea-
tures, including stable fixed points, at other drive fre-
quencies, e.g. rational Ω = (p/q)Ω0 (p and q integers).
A possibility of a non-trivial dynamics follows from the
close relationship between the Floquet maps and the Cir-
cle map that shows the Devil’s staircase of phase lockings
(Arnold tongues) at rational detunings between the res-
onant and the drive frequencies [45].
Beyond periodic drives. The fixed point trajectories
are expected to be stable to slow variation of parameters,
such as frequency or the drive amplitude. Thus, for the
applications such as the cavity “sweeping” (parametric
cooling), the drive can be turned off gradually, all the way
down to zero amplitude, if driven precisely on resonance.
17
Classical refrigeration. The cavity sweeping protocol
described in Section VII can be equally well applied to
mechanical resonators, as basic as a high quality vio-
lin string under tension. The corresponding modulation
protocol comprises of (1) modulating the string length
by moving one of the support points in resonance with
one of the string modes, e.g. main resonance; this will
concentrate most of the string energy in a short pulse;
(2) as the pulse approaches one of the ends of the string,
add another support point (node), so that the energy
pulse becomes outside the “redefined” string; (3) dissi-
pate the pulsed energy into the environment; (5) Use the
cold string as a mechanical refrigerant; (4) move the sup-
port (node) the the original position (reset the string); go
back to step (1). Advantage of such a parametric cooling
protocol compared to more standard side-band cooling
techniques is that all vibrational modes are cooled simul-
taneously.
C. Nuances
Stroboscopic General Relativity. We have argued in
Section VIII that the Floquet map in a modulated cav-
ity introduces non-trivial space-time curvature, with the
fixed points corresponding to the event horizons. This
may seem surprising, since the modulation is only af-
fecting the boundary conditions for the field. There is
an analogous situation that occurs in chaotic billiards.
There, the interior of the billiard is trivial, and it is
only the reflections at the boundary (or between par-
ticles) that may cause chaotic dynamics. A connection
between this problem and kinematics in curved spaces
was pointed out by I. Arnol’d [46, 47]. Indeed, the (two-
sided) billiard can be thought of as a flattened ellipsoid
(a specular reflection can then be thought of as a smooth
transition between the “upper” and the “lower” surfaces
of the ellipsoid-billiard). The integrated Gaussian curva-
ture of an ellipsoid is 4pi; all of it becomes concentrated
at the edge as the ellipsoid is flattened into a billiard.
Similarly, if there are two particles in the billiard, one
of them static, the effective topology becomes equivalent
to a torus with two holes (genus two, “kringel”) that
has integrated curvature −4pi. Then, using the result by
Hopf [48] on geodesics on surfaces with negative curva-
ture, Arnol’d argued qualitatively that the two particle
case is chaotic, while for one particle may or may not
be. Similarly, even though in the case of the dynamical
mirrors studies here, the field is only affected at the time
of reflection from a mirror, there coarse-grained effect is
analogous to light propagation in a curved space-time.
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Appendix A: Connection between resonantly
modulated cavity and Unruh effect
According to the Unruh effect [49–51], when an ob-
server moves through vacuum with acceleration, she will
see a thermal electromagnetic field. One way to ob-
tain this result is to start with a monochromatic wave,
A ∼ eik(x−ct) and transform into accelerating frame us-
ing the Rindler coordinates,
x = ξ cosh(ατ), (A1)
ct = ξ sinh(ατ), (A2)
where scaled acceleration α = a/c, τ is the observer
proper time, and ξ = c2/a (here we reinstated the di-
mensionfull speed of light). Thus, in the moving frame,
A ∼ eikξeατ . (A3)
The spectrum of this highly unharmonic wave yields the
Plank distribution with the Unruh temperature, TU =
~α/(2pikB) [29, 52].
The form of the wave-vector renormalization obtained
for cavity due to the repeated Doppler shifting (39) near
a fixed point is the same as (A3), after identifying the
Unruh acceleration a with 2v/T . This is to be expected,
since on the fixed point trajectory, the moving mirror
provides (delta-function) acceleration kicks relative to
the incoming light. The factor of 2 is natural. Let’s start
with a light pulse with wavevector ∼ k in the lab frame,
pointed towards moving mirror. To treat the reflection in
stationary frame, let us change into the frame co-moving
with mirror, so that at the moment of encounter the mir-
ror is stationary. This is the first boost by v, with the
velocity jump directed opposite to k. The pulse reflects
from the mirror and starts traveling towards the other
mirror (one stationary in the lab frame). To go back to
the lab frame, we need to perform another boost, again
in the direction against k. This is the second jump by
v. Two boosts by v over the time period of T yield an
effective acceleration a = 2v/T relative to the light pulse.
However, in the lab frame, the boosts cancel each other.
Thus we reach a seemingly paradoxical conclusion that
the lab frame behaves as if it is accelerating relative to
the fixed point trajectories. Since in the long time limit,
all classical radiation becomes concentrated near the sta-
ble fixed point trajectories, the average behavior of the
driven cavity as a whole maps onto the uniformly accel-
erating system.
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The presented reasoning applies to a classical cavity
field. It would be interesting to see if it remains valid in
the case of quantum fluctuation of vacuum, making the
dynamical Casimir effect equivalent to the Unruh radia-
tion in a reference frame accelerating with the fixed-point
acceleration a.
Appendix B: Spatio-temporal modulation of
refraction index
An alternative way to parametrically modulate a cav-
ity is to change the refraction index of the medium in-
side the cavity n(t, x), without changing its shape or size.
The resulting phenomenology is similar to the mirror res-
onator; however, instead of varying the physical length,
modulation is implemented by locally varying the opti-
cal length, dxopt = n(t, x)dx. As we will see, there is a
close correspondence with the moving mirror case. How-
ever, it holds only when the spatial and temporal vari-
ation of n(t, x) is much slower and smoother than the
modulated waves themselves (semiclassical limit). Oth-
erwise, one has to include back-scattering on the spatio-
temporal “boundaries”, i.e., the regions of rapid change
of n. The strong resonant compression effect around fixed
point trajectories that we found in the main part of this
paper appears when modulation is preformed around the
fundamental or higher cavity mode frequencies. Thus,
due to the slowness constraint in the case of modulated
medium, the effect becomes limited to the waves whose
Fourier spectrum contains only the high harmonics of
the cavity. This is in contrast to the moving mirror case,
where fixed point compression affects all possible modes
equally well and no semiclassical limit is necessary.
Qualitatively, the possibility of resonant wave compres-
sion by modulating n(x, t) can be illustrated by the fol-
lowing example. As before, we will represent the cav-
ity as a ring of length 2L (see Section II D; the actual
cavity may either be a ring or a linear cavity of length
L). Suppose n(t, x) is modulated in a step-like fashion,
both in space and in time (assuming that the “steps” are
still smooth on the typical wave oscillation scale, mak-
ing back-scattering unimportant). Namely, in half of the
cavity L < x < 2L (region B), the index alternates be-
tween values n0 (same as the rest of the cavity, region
A) and n1 (n1 > n0), with the frequency near the fun-
damental cavity mode (if n1 − n0  n0), see Figure 9.
Now, let us prepare an initial wave packet in the region
A. Let’s choose the phase of the drive such that when the
packet arrives at x = L, the refraction index in region B
is at n1. As the packet enters the region B with larger
but static n1, it spatially contracts, without changing its
temporal frequency composition. As the next step of the
protocol, while the packet is still inside B, the refraction
index is reduced down to value n0. Since the change is
spatially uniform from the view point of the packet, the
wave-vector composition remains unchanged in this pro-
cess, while the frequency has to increase. The result of
this two step process is therefore both spatial and tem-
poral contraction of the incoming wavepacket. Now, ar-
ranging the drive frequency to be synchronous with the
packet round-trip cycle (which is going to be close to the
fundamental if |n1 − n0|  n0), the packet can become
– in the ideal case – infinitely contracted. In the non-
dispersive limit, when the phase velocity is constant, the
drive frequency can be kept constant. But even if there is
some dispersion, it can be compensated for by gradually
adjusting the drive frequency (the same principle as used
in synchrotrons).
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nB(t)
<latexit sha1_base64="FPC9WVWfPRVddSAa7yrdVrU3Ucg=" >AAAB7XicdVDLSsNAFJ34rPVVdelmsAh1E5K2VLMrunFZwT6gDWUynbRjJzNhZiKU0H9w40IRt/6PO//GSRtBRQ9cOJxzL/feE8SMK u04H9bK6tr6xmZhq7i9s7u3Xzo47CiRSEzaWDAhewFShFFO2ppqRnqxJCgKGOkG06vM794Tqajgt3oWEz9CY05DipE2UocPLyv6bF gqO7bX8GpVDzq2s0BGGl69WoNurpRBjtaw9D4YCZxEhGvMkFJ914m1nyKpKWZkXhwkisQIT9GY9A3lKCLKTxfXzuGpUUYwFNIU13C hfp9IUaTULApMZ4T0RP32MvEvr5/o8MJPKY8TTTheLgoTBrWA2etwRCXBms0MQVhScyvEEyQR1iagognh61P4P+lUbdex3Zt6uVnP4 yiAY3ACKsAF56AJrkELtAEGd+ABPIFnS1iP1ov1umxdsfKZI/AD1tsnCaaOug==</latexit><latexit sha1_base64="FPC9WVWfPRVddSAa7yrdVrU3Ucg=" >AAAB7XicdVDLSsNAFJ34rPVVdelmsAh1E5K2VLMrunFZwT6gDWUynbRjJzNhZiKU0H9w40IRt/6PO//GSRtBRQ9cOJxzL/feE8SMK u04H9bK6tr6xmZhq7i9s7u3Xzo47CiRSEzaWDAhewFShFFO2ppqRnqxJCgKGOkG06vM794Tqajgt3oWEz9CY05DipE2UocPLyv6bF gqO7bX8GpVDzq2s0BGGl69WoNurpRBjtaw9D4YCZxEhGvMkFJ914m1nyKpKWZkXhwkisQIT9GY9A3lKCLKTxfXzuGpUUYwFNIU13C hfp9IUaTULApMZ4T0RP32MvEvr5/o8MJPKY8TTTheLgoTBrWA2etwRCXBms0MQVhScyvEEyQR1iagognh61P4P+lUbdex3Zt6uVnP4 yiAY3ACKsAF56AJrkELtAEGd+ABPIFnS1iP1ov1umxdsfKZI/AD1tsnCaaOug==</latexit><latexit sha1_base64="FPC9WVWfPRVddSAa7yrdVrU3Ucg=" >AAAB7XicdVDLSsNAFJ34rPVVdelmsAh1E5K2VLMrunFZwT6gDWUynbRjJzNhZiKU0H9w40IRt/6PO//GSRtBRQ9cOJxzL/feE8SMK u04H9bK6tr6xmZhq7i9s7u3Xzo47CiRSEzaWDAhewFShFFO2ppqRnqxJCgKGOkG06vM794Tqajgt3oWEz9CY05DipE2UocPLyv6bF gqO7bX8GpVDzq2s0BGGl69WoNurpRBjtaw9D4YCZxEhGvMkFJ914m1nyKpKWZkXhwkisQIT9GY9A3lKCLKTxfXzuGpUUYwFNIU13C hfp9IUaTULApMZ4T0RP32MvEvr5/o8MJPKY8TTTheLgoTBrWA2etwRCXBms0MQVhScyvEEyQR1iagognh61P4P+lUbdex3Zt6uVnP4 yiAY3ACKsAF56AJrkELtAEGd+ABPIFnS1iP1ov1umxdsfKZI/AD1tsnCaaOug==</latexit><latexit sha1_base64="FPC9WVWfPRVddSAa7yrdVrU3Ucg=" >AAAB7XicdVDLSsNAFJ34rPVVdelmsAh1E5K2VLMrunFZwT6gDWUynbRjJzNhZiKU0H9w40IRt/6PO//GSRtBRQ9cOJxzL/feE8SMK u04H9bK6tr6xmZhq7i9s7u3Xzo47CiRSEzaWDAhewFShFFO2ppqRnqxJCgKGOkG06vM794Tqajgt3oWEz9CY05DipE2UocPLyv6bF gqO7bX8GpVDzq2s0BGGl69WoNurpRBjtaw9D4YCZxEhGvMkFJ914m1nyKpKWZkXhwkisQIT9GY9A3lKCLKTxfXzuGpUUYwFNIU13C hfp9IUaTULApMZ4T0RP32MvEvr5/o8MJPKY8TTTheLgoTBrWA2etwRCXBms0MQVhScyvEEyQR1iagognh61P4P+lUbdex3Zt6uVnP4 yiAY3ACKsAF56AJrkELtAEGd+ABPIFnS1iP1ov1umxdsfKZI/AD1tsnCaaOug==</latexit>
b
A
<latexit sha1_base64="acVwvBJMzGKF6HcO/ol/1zrUY94=">AAAB6Hi cbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeKF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weF R+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipeTsoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnO BM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx 2ZRsCN7qy+ukfVX13KrXrFXqtTyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AjqeMtw==</latexit><latexit sha1_base64="acVwvBJMzGKF6HcO/ol/1zrUY94=">AAAB6Hi cbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeKF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weF R+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipeTsoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnO BM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx 2ZRsCN7qy+ukfVX13KrXrFXqtTyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AjqeMtw==</latexit><latexit sha1_base64="acVwvBJMzGKF6HcO/ol/1zrUY94=">AAAB6Hi cbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeKF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weF R+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipeTsoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnO BM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx 2ZRsCN7qy+ukfVX13KrXrFXqtTyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AjqeMtw==</latexit><latexit sha1_base64="acVwvBJMzGKF6HcO/ol/1zrUY94=">AAAB6Hi cbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeKF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weF R+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipeTsoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnO BM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx 2ZRsCN7qy+ukfVX13KrXrFXqtTyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AjqeMtw==</latexit>
B
<latexit sha1_base64="S1NkyQ7Z0IfkQfQ3Mi7INLSpTRo=">AAAB6Hi cbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weF R+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipeTsoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnO BM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx 2ZRsCN7qy+ukfVX13KrXrFXqtTyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AkCuMuA==</latexit><latexit sha1_base64="S1NkyQ7Z0IfkQfQ3Mi7INLSpTRo=">AAAB6Hi cbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weF R+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipeTsoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnO BM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx 2ZRsCN7qy+ukfVX13KrXrFXqtTyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AkCuMuA==</latexit><latexit sha1_base64="S1NkyQ7Z0IfkQfQ3Mi7INLSpTRo=">AAAB6Hi cbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weF R+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipeTsoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnO BM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx 2ZRsCN7qy+ukfVX13KrXrFXqtTyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AkCuMuA==</latexit><latexit sha1_base64="S1NkyQ7Z0IfkQfQ3Mi7INLSpTRo=">AAAB6Hi cbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weF R+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipeTsoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnO BM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx 2ZRsCN7qy+ukfVX13KrXrFXqtTyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AkCuMuA==</latexit>
A
<latexit sha1_base64="acVwvBJMzGKF6HcO/ol/1zrUY94=">AAAB6Hi cbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeKF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weF R+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipeTsoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnO BM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx 2ZRsCN7qy+ukfVX13KrXrFXqtTyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AjqeMtw==</latexit><latexit sha1_base64="acVwvBJMzGKF6HcO/ol/1zrUY94=">AAAB6Hi cbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeKF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weF R+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipeTsoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnO BM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx 2ZRsCN7qy+ukfVX13KrXrFXqtTyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AjqeMtw==</latexit><latexit sha1_base64="acVwvBJMzGKF6HcO/ol/1zrUY94=">AAAB6Hi cbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeKF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weF R+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipeTsoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnO BM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx 2ZRsCN7qy+ukfVX13KrXrFXqtTyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AjqeMtw==</latexit><latexit sha1_base64="acVwvBJMzGKF6HcO/ol/1zrUY94=">AAAB6Hi cbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeKF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weF R+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipeTsoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnO BM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx 2ZRsCN7qy+ukfVX13KrXrFXqtTyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AjqeMtw==</latexit>
B
<latexit sha1_base64="S1NkyQ7Z0IfkQfQ3Mi7INLSpTRo=">AAAB6Hi cbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weF R+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipeTsoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnO BM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx 2ZRsCN7qy+ukfVX13KrXrFXqtTyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AkCuMuA==</latexit><latexit sha1_base64="S1NkyQ7Z0IfkQfQ3Mi7INLSpTRo=">AAAB6Hi cbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weF R+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipeTsoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnO BM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx 2ZRsCN7qy+ukfVX13KrXrFXqtTyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AkCuMuA==</latexit><latexit sha1_base64="S1NkyQ7Z0IfkQfQ3Mi7INLSpTRo=">AAAB6Hi cbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weF R+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipeTsoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnO BM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx 2ZRsCN7qy+ukfVX13KrXrFXqtTyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AkCuMuA==</latexit><latexit sha1_base64="S1NkyQ7Z0IfkQfQ3Mi7INLSpTRo=">AAAB6Hi cbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weF R+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipeTsoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnO BM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx 2ZRsCN7qy+ukfVX13KrXrFXqtTyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AkCuMuA==</latexit>
A
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FIG. 9. Wave packet contraction by spatiotemporally mod-
ulating refraction index. In one half of the ring cavity (A)
refraction index is kept constant at n0, in the other (B) it
alternates between two values, n0 and n1 (panel a). Panel b:
A wave packet (whose envelop is shown schematically), en-
ters the B region when it is in the state n1 (> n0, color of
the B segment indicates the value of n), and becomes spatially
contracted, while the temporal frequencies remain unaffected.
Then the refraction index drops to n0 in B, while packets is
still inside. This increases the temporal frequency, without
affecting the spatial (wavevector) composition. If the modu-
lation in region B is synchronized with the packet round trip,
the contraction repeats multiplicatively every cycle.
Clearly, this simple picture is valid only to the extent
that the back-reflection can be neglected. For the part
of the wave that is getting contracted, the semiclassical
approximation becomes progressively better as the time
goes by. Still, it would be interesting to go beyond the
semiclassical limit, and systematically study the correc-
tions due to the finiteness of the carrier frequency.
In the next subsections we derive the semiclassical
equations for the wave propagation in the medium with
spatiotemporally varying refraction, and derive the ana-
lytical map function for the weakly (and almost locally)
driven medium, and see that it corresponds exactly to the
case of the weakly modulated mirror described in Section
IV.
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1. Wave propagation in smoothly varying n(t, x)
The electromagnetic wave equation in a nonstationary
1D medium with permittivity (t, x) and permeability
µ(t, x) is [27]
∂
∂t

∂
∂t
A− ∂
∂x
1
µ
∂
∂x
A = 0, (B1)
which for uniform stationary medium reduces to Eq. (1).
[A mechanical analog is a balls-and-springs chain with
space-time varying ball masses (analog of permittivity )
and spring stiffnesses (analog of the inverse permeability,
1/µ.)] The refraction index in terms of these functions is
n(t, x) =
√
(t, x)µ(t, x).
For smooth spatiotemporal variations (relative to the
“carrier” wavevector and frequency), there is no back
scattering, and we can look for an approximate solution
in the form
A(t, x) = A˜(t, x)eiφ(t,x), (B2)
where A˜(t, x) varies on the same scale and the medium
properties, and the exponential encodes the fast evolu-
tion of the “carrier” wave (a typical frequency in the
packet).
After substituting this ansatz into Eq. (B1), we collect
the terms that correspond to different powers of time and
space derivatives of φ. The first equation,
φ˙2 − φ
′2
µ
= 0, (B3)
accounts for the evolution of the “fast” phase. It has two
branches,
φ˙± φ
′
√
µ
= 0, (B4)
corresponding to the two directions of propagation. The
physical meaning is clear: for a given branch, the phase
remains constant on the characteristics of the wave equa-
tion (B4) that has the space and time dependent speed
of light, c∗ = c/
√
µ. In the semiclassical limit, the two
branches decouple; for concreteness, we pick the right
movers, φ˙+ φ
′
√
µ = 0.
The other equation that we need involves the first pow-
ers of derivatives of φ,
2( ˙˜Aφ˙−A˜′φ′/µ) = −[˙φ˙+φ¨−(1/µ)′φ′−φ′′/µ]A˜. (B5)
Now, expressing all spatial derivatives of φ in terms of
time derivatives using (B4), we obtain
2
(
˙˜A+ 1√
µ
A˜′
)
= −1
2
[
˙

+
1√
µ
′

− µ˙
µ
− 1√
µ
µ′
µ
]
A˜.
(B6)
Note that this equation only contains derivatives in com-
binations that correspond to differentiation along the
characteristics; therefore it describes evolution of A˜ on
characteristics. It can be easily integrated, and implies
that along the characteristics the following combination
is conserved: √

µ
A˜2 = const. (B7)
For a static inhomogeneous medium, it is equivalent to
the spatial independence of the energy current (Poynting
vector).
Since the “fast” phase is also conserved on character-
istics, one consequence of (B7) is that if there is only an
isolated “active” region that is being modulated and the
rest of the medium is static and uniform (“passive”), the
values of the full (not only the slow part A˜!) vector po-
tential A(t, x) inside the passive medium can be read off
by tracing characteristics back to the initial conditions,
in the same way as in the problem with a moving mirror
(Figure 1).
We can now refine the qualitative picture of the field
contraction described above and in Figure 9. For that,
let us schematically construct the characteristics of the
wave equation (B4), Figure 10. The vector potential is
transported along them, only changing value when the
parameters of the medium change. Since we assume in
this example that the parameters are piece-wise constant,
there are only two values of A along each characteristic.
We see that the nearby characteristics can converge and
diverge with time, depending on the drive phase, as we
argued qualitatively above.
2. Analytic result for the weak modulation limit
We now consider the case when the properties of
medium are periodically modulated only in a narrow spa-
tial region. This case is closely related to the one we
studied in Section IV, and similarly to it, can be solved
analytically.
The length of the ring cavity is 2L (of L for a linear
resonator). We will take the reference dielectric permit-
tivity in the cavity as 1, and will allow it to change within
a spatial region of width A L (or A/2 near one of the
mirrors in the case of linear cavity). Within this region,
n(t) can be an arbitrary periodic function.
As described in the previous section, to find the field
everywhere outside the modulated region, we only need
to determine the characteristics, since A is transported
along them.
In precise analogy with the Section IV, we can con-
struct the Floquet map for the case of a drive near the
fundamental resonance (Ω = pic/L0 ≈ pic/L – we rein-
stated here the vacuum speed of light for clarity). The
equation relating spatial coordinates at time t0 (x0) and
time T = 2pi/Ω later (x1), for spatially narrow modula-
tion of small integrated strength, |∆n|A L, is
x1 + 2L− x0 +A
[
n
(
t0 +
L− x0
c
)
− 1
]
= cT, (B8)
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x
<latexit sha1_base64="BJzBhsLwXSTB5Lw6Dgv99f7gkUY=">AAA B6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1v bO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9Yc xSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAU xMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXrFXqtTyOIpzBOVyCB9dQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4 A4gOM7g==</latexit><latexit sha1_base64="BJzBhsLwXSTB5Lw6Dgv99f7gkUY=">AAA B6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1v bO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9Yc xSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAU xMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXrFXqtTyOIpzBOVyCB9dQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4 A4gOM7g==</latexit><latexit sha1_base64="BJzBhsLwXSTB5Lw6Dgv99f7gkUY=">AAA B6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1v bO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9Yc xSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAU xMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXrFXqtTyOIpzBOVyCB9dQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4 A4gOM7g==</latexit><latexit sha1_base64="BJzBhsLwXSTB5Lw6Dgv99f7gkUY=">AAA B6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1v bO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9Yc xSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAU xMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXrFXqtTyOIpzBOVyCB9dQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4 A4gOM7g==</latexit>
2L
<latexit sha1_base64="2CtXsp /3Flh54iYOoacRXkxlWes=">AAAB6XicbVA9SwNBEJ2LXzF+RS1tFo NgFe5CQMuAjYVFFPMByRH2NnvJkr29Y3dOCEf+gY2FIrb+Izv/jZvk Ck18MPB4b4aZeUEihUHX/XYKG5tb2zvF3dLe/sHhUfn4pG3iVDPeYr GMdTeghkuheAsFSt5NNKdRIHknmNzM/c4T10bE6hGnCfcjOlIiFIyi lR5qd4Nyxa26C5B14uWkAjmag/JXfxizNOIKmaTG9Dw3QT+jGgWTfF bqp4YnlE3oiPcsVTTixs8Wl87IhVWGJIy1LYVkof6eyGhkzDQKbGdE cWxWvbn4n9dLMbz2M6GSFLliy0VhKgnGZP42GQrNGcqpJZRpYW8lbE w1ZWjDKdkQvNWX10m7VvXcqndfrzTqeRxFOINzuAQPrqABt9CEFjAI 4Rle4c2ZOC/Ou/OxbC04+cwp/IHz+QMQQIz+</latexit><latexit sha1_base64="2CtXsp /3Flh54iYOoacRXkxlWes=">AAAB6XicbVA9SwNBEJ2LXzF+RS1tFo NgFe5CQMuAjYVFFPMByRH2NnvJkr29Y3dOCEf+gY2FIrb+Izv/jZvk Ck18MPB4b4aZeUEihUHX/XYKG5tb2zvF3dLe/sHhUfn4pG3iVDPeYr GMdTeghkuheAsFSt5NNKdRIHknmNzM/c4T10bE6hGnCfcjOlIiFIyi lR5qd4Nyxa26C5B14uWkAjmag/JXfxizNOIKmaTG9Dw3QT+jGgWTfF bqp4YnlE3oiPcsVTTixs8Wl87IhVWGJIy1LYVkof6eyGhkzDQKbGdE cWxWvbn4n9dLMbz2M6GSFLliy0VhKgnGZP42GQrNGcqpJZRpYW8lbE w1ZWjDKdkQvNWX10m7VvXcqndfrzTqeRxFOINzuAQPrqABt9CEFjAI 4Rle4c2ZOC/Ou/OxbC04+cwp/IHz+QMQQIz+</latexit><latexit sha1_base64="2CtXsp /3Flh54iYOoacRXkxlWes=">AAAB6XicbVA9SwNBEJ2LXzF+RS1tFo NgFe5CQMuAjYVFFPMByRH2NnvJkr29Y3dOCEf+gY2FIrb+Izv/jZvk Ck18MPB4b4aZeUEihUHX/XYKG5tb2zvF3dLe/sHhUfn4pG3iVDPeYr GMdTeghkuheAsFSt5NNKdRIHknmNzM/c4T10bE6hGnCfcjOlIiFIyi lR5qd4Nyxa26C5B14uWkAjmag/JXfxizNOIKmaTG9Dw3QT+jGgWTfF bqp4YnlE3oiPcsVTTixs8Wl87IhVWGJIy1LYVkof6eyGhkzDQKbGdE cWxWvbn4n9dLMbz2M6GSFLliy0VhKgnGZP42GQrNGcqpJZRpYW8lbE w1ZWjDKdkQvNWX10m7VvXcqndfrzTqeRxFOINzuAQPrqABt9CEFjAI 4Rle4c2ZOC/Ou/OxbC04+cwp/IHz+QMQQIz+</latexit><latexit sha1_base64="2CtXsp /3Flh54iYOoacRXkxlWes=">AAAB6XicbVA9SwNBEJ2LXzF+RS1tFo NgFe5CQMuAjYVFFPMByRH2NnvJkr29Y3dOCEf+gY2FIrb+Izv/jZvk Ck18MPB4b4aZeUEihUHX/XYKG5tb2zvF3dLe/sHhUfn4pG3iVDPeYr GMdTeghkuheAsFSt5NNKdRIHknmNzM/c4T10bE6hGnCfcjOlIiFIyi lR5qd4Nyxa26C5B14uWkAjmag/JXfxizNOIKmaTG9Dw3QT+jGgWTfF bqp4YnlE3oiPcsVTTixs8Wl87IhVWGJIy1LYVkof6eyGhkzDQKbGdE cWxWvbn4n9dLMbz2M6GSFLliy0VhKgnGZP42GQrNGcqpJZRpYW8lbE w1ZWjDKdkQvNWX10m7VvXcqndfrzTqeRxFOINzuAQPrqABt9CEFjAI 4Rle4c2ZOC/Ou/OxbC04+cwp/IHz+QMQQIz+</latexit>
Ai
<latexit sha1_ base64="5lyvD7lBYlvYhHXSbzA e6tewAdc=">AAAB8XicdVDLSgNB EOyNrxhfUY9eBoPgKcwmMY9bxIv HCOaBSQizk0kyZHZ2mZkVwpK/8O JBEa/+jTf/xtkkgooWNBRV3XR3e aHg2mD84aTW1jc2t9LbmZ3dvf2D 7OFRSweRoqxJAxGojkc0E1yypuF GsE6oGPE9wdre9Crx2/dMaR7IWz MLWd8nY8lHnBJjpbu4R4lAl/MBH 2RzOF+rlgvFCsJ5jN3KRTUh5VrRx ci1SoIcrNAYZN97w4BGPpOGCqJ1 18Wh6cdEGU4Fm2d6kWYhoVMyZl1 LJfGZ7seLi+fozCpDNAqULWnQQv 0+ERNf65nv2U6fmIn+7SXiX143M qNqP+YyjAyTdLloFAlkApS8j4Zc MWrEzBJCFbe3IjohilBjQ8rYEL4 +Rf+TViHv4rx7U8rVS6s40nACp3 AOLlSgDtfQgCZQkPAAT/DsaOfRe XFel60pZzVzDD/gvH0CiQiQyA== </latexit><latexit sha1_ base64="5lyvD7lBYlvYhHXSbzA e6tewAdc=">AAAB8XicdVDLSgNB EOyNrxhfUY9eBoPgKcwmMY9bxIv HCOaBSQizk0kyZHZ2mZkVwpK/8O JBEa/+jTf/xtkkgooWNBRV3XR3e aHg2mD84aTW1jc2t9LbmZ3dvf2D 7OFRSweRoqxJAxGojkc0E1yypuF GsE6oGPE9wdre9Crx2/dMaR7IWz MLWd8nY8lHnBJjpbu4R4lAl/MBH 2RzOF+rlgvFCsJ5jN3KRTUh5VrRx ci1SoIcrNAYZN97w4BGPpOGCqJ1 18Wh6cdEGU4Fm2d6kWYhoVMyZl1 LJfGZ7seLi+fozCpDNAqULWnQQv 0+ERNf65nv2U6fmIn+7SXiX143M qNqP+YyjAyTdLloFAlkApS8j4Zc MWrEzBJCFbe3IjohilBjQ8rYEL4 +Rf+TViHv4rx7U8rVS6s40nACp3 AOLlSgDtfQgCZQkPAAT/DsaOfRe XFel60pZzVzDD/gvH0CiQiQyA== </latexit><latexit sha1_ base64="5lyvD7lBYlvYhHXSbzA e6tewAdc=">AAAB8XicdVDLSgNB EOyNrxhfUY9eBoPgKcwmMY9bxIv HCOaBSQizk0kyZHZ2mZkVwpK/8O JBEa/+jTf/xtkkgooWNBRV3XR3e aHg2mD84aTW1jc2t9LbmZ3dvf2D 7OFRSweRoqxJAxGojkc0E1yypuF GsE6oGPE9wdre9Crx2/dMaR7IWz MLWd8nY8lHnBJjpbu4R4lAl/MBH 2RzOF+rlgvFCsJ5jN3KRTUh5VrRx ci1SoIcrNAYZN97w4BGPpOGCqJ1 18Wh6cdEGU4Fm2d6kWYhoVMyZl1 LJfGZ7seLi+fozCpDNAqULWnQQv 0+ERNf65nv2U6fmIn+7SXiX143M qNqP+YyjAyTdLloFAlkApS8j4Zc MWrEzBJCFbe3IjohilBjQ8rYEL4 +Rf+TViHv4rx7U8rVS6s40nACp3 AOLlSgDtfQgCZQkPAAT/DsaOfRe XFel60pZzVzDD/gvH0CiQiQyA== </latexit><latexit sha1_ base64="5lyvD7lBYlvYhHXSbzA e6tewAdc=">AAAB8XicdVDLSgNB EOyNrxhfUY9eBoPgKcwmMY9bxIv HCOaBSQizk0kyZHZ2mZkVwpK/8O JBEa/+jTf/xtkkgooWNBRV3XR3e aHg2mD84aTW1jc2t9LbmZ3dvf2D 7OFRSweRoqxJAxGojkc0E1yypuF GsE6oGPE9wdre9Crx2/dMaR7IWz MLWd8nY8lHnBJjpbu4R4lAl/MBH 2RzOF+rlgvFCsJ5jN3KRTUh5VrRx ci1SoIcrNAYZN97w4BGPpOGCqJ1 18Wh6cdEGU4Fm2d6kWYhoVMyZl1 LJfGZ7seLi+fozCpDNAqULWnQQv 0+ERNf65nv2U6fmIn+7SXiX143M qNqP+YyjAyTdLloFAlkApS8j4Zc MWrEzBJCFbe3IjohilBjQ8rYEL4 +Rf+TViHv4rx7U8rVS6s40nACp3 AOLlSgDtfQgCZQkPAAT/DsaOfRe XFel60pZzVzDD/gvH0CiQiQyA== </latexit>
A0i
<latexit sha1_base64="vfTRLt U7pUbVxdjFA5dbGaI3H2g=">AAAB8nicdVDLSgMxFM3UV62vqks3wS K6GjJt7WNXceOygn3AdCiZNNOGZjJDkhHK0M9w40IRt36NO//GTFtB RQ9cOJxzL/fe48ecKY3Qh5VbW9/Y3MpvF3Z29/YPiodHXRUlktAOiX gk+z5WlDNBO5ppTvuxpDj0Oe350+vM791TqVgk7vQspl6Ix4IFjGBt JDcdEMzh1fx8yIbFErKbjVq5UofIRsipXzYyUmtWHAQdo2QogRXaw+ L7YBSRJKRCE46Vch0Uay/FUjPC6bwwSBSNMZniMXUNFTikyksXJ8/h mVFGMIikKaHhQv0+keJQqVnom84Q64n67WXiX56b6KDhpUzEiaaCLB cFCYc6gtn/cMQkJZrPDMFEMnMrJBMsMdEmpYIJ4etT+D/plm0H2c5t tdSqruLIgxNwCi6AA+qgBW5AG3QAARF4AE/g2dLWo/VivS5bc9Zq5h j8gPX2CexNkPk=</latexit><latexit sha1_base64="vfTRLt U7pUbVxdjFA5dbGaI3H2g=">AAAB8nicdVDLSgMxFM3UV62vqks3wS K6GjJt7WNXceOygn3AdCiZNNOGZjJDkhHK0M9w40IRt36NO//GTFtB RQ9cOJxzL/fe48ecKY3Qh5VbW9/Y3MpvF3Z29/YPiodHXRUlktAOiX gk+z5WlDNBO5ppTvuxpDj0Oe350+vM791TqVgk7vQspl6Ix4IFjGBt JDcdEMzh1fx8yIbFErKbjVq5UofIRsipXzYyUmtWHAQdo2QogRXaw+ L7YBSRJKRCE46Vch0Uay/FUjPC6bwwSBSNMZniMXUNFTikyksXJ8/h mVFGMIikKaHhQv0+keJQqVnom84Q64n67WXiX56b6KDhpUzEiaaCLB cFCYc6gtn/cMQkJZrPDMFEMnMrJBMsMdEmpYIJ4etT+D/plm0H2c5t tdSqruLIgxNwCi6AA+qgBW5AG3QAARF4AE/g2dLWo/VivS5bc9Zq5h j8gPX2CexNkPk=</latexit><latexit sha1_base64="vfTRLt U7pUbVxdjFA5dbGaI3H2g=">AAAB8nicdVDLSgMxFM3UV62vqks3wS K6GjJt7WNXceOygn3AdCiZNNOGZjJDkhHK0M9w40IRt36NO//GTFtB RQ9cOJxzL/fe48ecKY3Qh5VbW9/Y3MpvF3Z29/YPiodHXRUlktAOiX gk+z5WlDNBO5ppTvuxpDj0Oe350+vM791TqVgk7vQspl6Ix4IFjGBt JDcdEMzh1fx8yIbFErKbjVq5UofIRsipXzYyUmtWHAQdo2QogRXaw+ L7YBSRJKRCE46Vch0Uay/FUjPC6bwwSBSNMZniMXUNFTikyksXJ8/h mVFGMIikKaHhQv0+keJQqVnom84Q64n67WXiX56b6KDhpUzEiaaCLB cFCYc6gtn/cMQkJZrPDMFEMnMrJBMsMdEmpYIJ4etT+D/plm0H2c5t tdSqruLIgxNwCi6AA+qgBW5AG3QAARF4AE/g2dLWo/VivS5bc9Zq5h j8gPX2CexNkPk=</latexit><latexit sha1_base64="vfTRLt U7pUbVxdjFA5dbGaI3H2g=">AAAB8nicdVDLSgMxFM3UV62vqks3wS K6GjJt7WNXceOygn3AdCiZNNOGZjJDkhHK0M9w40IRt36NO//GTFtB RQ9cOJxzL/fe48ecKY3Qh5VbW9/Y3MpvF3Z29/YPiodHXRUlktAOiX gk+z5WlDNBO5ppTvuxpDj0Oe350+vM791TqVgk7vQspl6Ix4IFjGBt JDcdEMzh1fx8yIbFErKbjVq5UofIRsipXzYyUmtWHAQdo2QogRXaw+ L7YBSRJKRCE46Vch0Uay/FUjPC6bwwSBSNMZniMXUNFTikyksXJ8/h mVFGMIikKaHhQv0+keJQqVnom84Q64n67WXiX56b6KDhpUzEiaaCLB cFCYc6gtn/cMQkJZrPDMFEMnMrJBMsMdEmpYIJ4etT+D/plm0H2c5t tdSqruLIgxNwCi6AA+qgBW5AG3QAARF4AE/g2dLWo/VivS5bc9Zq5h j8gPX2CexNkPk=</latexit>
A0i
<latexit sha1_base64="vfTRLt U7pUbVxdjFA5dbGaI3H2g=">AAAB8nicdVDLSgMxFM3UV62vqks3wS K6GjJt7WNXceOygn3AdCiZNNOGZjJDkhHK0M9w40IRt36NO//GTFtB RQ9cOJxzL/fe48ecKY3Qh5VbW9/Y3MpvF3Z29/YPiodHXRUlktAOiX gk+z5WlDNBO5ppTvuxpDj0Oe350+vM791TqVgk7vQspl6Ix4IFjGBt JDcdEMzh1fx8yIbFErKbjVq5UofIRsipXzYyUmtWHAQdo2QogRXaw+ L7YBSRJKRCE46Vch0Uay/FUjPC6bwwSBSNMZniMXUNFTikyksXJ8/h mVFGMIikKaHhQv0+keJQqVnom84Q64n67WXiX56b6KDhpUzEiaaCLB cFCYc6gtn/cMQkJZrPDMFEMnMrJBMsMdEmpYIJ4etT+D/plm0H2c5t tdSqruLIgxNwCi6AA+qgBW5AG3QAARF4AE/g2dLWo/VivS5bc9Zq5h j8gPX2CexNkPk=</latexit><latexit sha1_base64="vfTRLt U7pUbVxdjFA5dbGaI3H2g=">AAAB8nicdVDLSgMxFM3UV62vqks3wS K6GjJt7WNXceOygn3AdCiZNNOGZjJDkhHK0M9w40IRt36NO//GTFtB RQ9cOJxzL/fe48ecKY3Qh5VbW9/Y3MpvF3Z29/YPiodHXRUlktAOiX gk+z5WlDNBO5ppTvuxpDj0Oe350+vM791TqVgk7vQspl6Ix4IFjGBt JDcdEMzh1fx8yIbFErKbjVq5UofIRsipXzYyUmtWHAQdo2QogRXaw+ L7YBSRJKRCE46Vch0Uay/FUjPC6bwwSBSNMZniMXUNFTikyksXJ8/h mVFGMIikKaHhQv0+keJQqVnom84Q64n67WXiX56b6KDhpUzEiaaCLB cFCYc6gtn/cMQkJZrPDMFEMnMrJBMsMdEmpYIJ4etT+D/plm0H2c5t tdSqruLIgxNwCi6AA+qgBW5AG3QAARF4AE/g2dLWo/VivS5bc9Zq5h j8gPX2CexNkPk=</latexit><latexit sha1_base64="vfTRLt U7pUbVxdjFA5dbGaI3H2g=">AAAB8nicdVDLSgMxFM3UV62vqks3wS K6GjJt7WNXceOygn3AdCiZNNOGZjJDkhHK0M9w40IRt36NO//GTFtB RQ9cOJxzL/fe48ecKY3Qh5VbW9/Y3MpvF3Z29/YPiodHXRUlktAOiX gk+z5WlDNBO5ppTvuxpDj0Oe350+vM791TqVgk7vQspl6Ix4IFjGBt JDcdEMzh1fx8yIbFErKbjVq5UofIRsipXzYyUmtWHAQdo2QogRXaw+ L7YBSRJKRCE46Vch0Uay/FUjPC6bwwSBSNMZniMXUNFTikyksXJ8/h mVFGMIikKaHhQv0+keJQqVnom84Q64n67WXiX56b6KDhpUzEiaaCLB cFCYc6gtn/cMQkJZrPDMFEMnMrJBMsMdEmpYIJ4etT+D/plm0H2c5t tdSqruLIgxNwCi6AA+qgBW5AG3QAARF4AE/g2dLWo/VivS5bc9Zq5h j8gPX2CexNkPk=</latexit><latexit sha1_base64="vfTRLt U7pUbVxdjFA5dbGaI3H2g=">AAAB8nicdVDLSgMxFM3UV62vqks3wS K6GjJt7WNXceOygn3AdCiZNNOGZjJDkhHK0M9w40IRt36NO//GTFtB RQ9cOJxzL/fe48ecKY3Qh5VbW9/Y3MpvF3Z29/YPiodHXRUlktAOiX gk+z5WlDNBO5ppTvuxpDj0Oe350+vM791TqVgk7vQspl6Ix4IFjGBt JDcdEMzh1fx8yIbFErKbjVq5UofIRsipXzYyUmtWHAQdo2QogRXaw+ L7YBSRJKRCE46Vch0Uay/FUjPC6bwwSBSNMZniMXUNFTikyksXJ8/h mVFGMIikKaHhQv0+keJQqVnom84Q64n67WXiX56b6KDhpUzEiaaCLB cFCYc6gtn/cMQkJZrPDMFEMnMrJBMsMdEmpYIJ4etT+D/plm0H2c5t tdSqruLIgxNwCi6AA+qgBW5AG3QAARF4AE/g2dLWo/VivS5bc9Zq5h j8gPX2CexNkPk=</latexit>
Ai
<latexit sha1_base64="5lyvD7 lBYlvYhHXSbzAe6tewAdc=">AAAB8XicdVDLSgNBEOyNrxhfUY9eBo PgKcwmMY9bxIvHCOaBSQizk0kyZHZ2mZkVwpK/8OJBEa/+jTf/xtkk gooWNBRV3XR3eaHg2mD84aTW1jc2t9LbmZ3dvf2D7OFRSweRoqxJAx Gojkc0E1yypuFGsE6oGPE9wdre9Crx2/dMaR7IWzMLWd8nY8lHnBJj pbu4R4lAl/MBH2RzOF+rlgvFCsJ5jN3KRTUh5VrRxci1SoIcrNAYZN 97w4BGPpOGCqJ118Wh6cdEGU4Fm2d6kWYhoVMyZl1LJfGZ7seLi+fo zCpDNAqULWnQQv0+ERNf65nv2U6fmIn+7SXiX143MqNqP+YyjAyTdL loFAlkApS8j4ZcMWrEzBJCFbe3IjohilBjQ8rYEL4+Rf+TViHv4rx7 U8rVS6s40nACp3AOLlSgDtfQgCZQkPAAT/DsaOfReXFel60pZzVzDD /gvH0CiQiQyA==</latexit><latexit sha1_base64="5lyvD7 lBYlvYhHXSbzAe6tewAdc=">AAAB8XicdVDLSgNBEOyNrxhfUY9eBo PgKcwmMY9bxIvHCOaBSQizk0kyZHZ2mZkVwpK/8OJBEa/+jTf/xtkk gooWNBRV3XR3eaHg2mD84aTW1jc2t9LbmZ3dvf2D7OFRSweRoqxJAx Gojkc0E1yypuFGsE6oGPE9wdre9Crx2/dMaR7IWzMLWd8nY8lHnBJj pbu4R4lAl/MBH2RzOF+rlgvFCsJ5jN3KRTUh5VrRxci1SoIcrNAYZN 97w4BGPpOGCqJ118Wh6cdEGU4Fm2d6kWYhoVMyZl1LJfGZ7seLi+fo zCpDNAqULWnQQv0+ERNf65nv2U6fmIn+7SXiX143MqNqP+YyjAyTdL loFAlkApS8j4ZcMWrEzBJCFbe3IjohilBjQ8rYEL4+Rf+TViHv4rx7 U8rVS6s40nACp3AOLlSgDtfQgCZQkPAAT/DsaOfReXFel60pZzVzDD /gvH0CiQiQyA==</latexit><latexit sha1_base64="5lyvD7 lBYlvYhHXSbzAe6tewAdc=">AAAB8XicdVDLSgNBEOyNrxhfUY9eBo PgKcwmMY9bxIvHCOaBSQizk0kyZHZ2mZkVwpK/8OJBEa/+jTf/xtkk gooWNBRV3XR3eaHg2mD84aTW1jc2t9LbmZ3dvf2D7OFRSweRoqxJAx Gojkc0E1yypuFGsE6oGPE9wdre9Crx2/dMaR7IWzMLWd8nY8lHnBJj pbu4R4lAl/MBH2RzOF+rlgvFCsJ5jN3KRTUh5VrRxci1SoIcrNAYZN 97w4BGPpOGCqJ118Wh6cdEGU4Fm2d6kWYhoVMyZl1LJfGZ7seLi+fo zCpDNAqULWnQQv0+ERNf65nv2U6fmIn+7SXiX143MqNqP+YyjAyTdL loFAlkApS8j4ZcMWrEzBJCFbe3IjohilBjQ8rYEL4+Rf+TViHv4rx7 U8rVS6s40nACp3AOLlSgDtfQgCZQkPAAT/DsaOfReXFel60pZzVzDD /gvH0CiQiQyA==</latexit><latexit sha1_base64="5lyvD7 lBYlvYhHXSbzAe6tewAdc=">AAAB8XicdVDLSgNBEOyNrxhfUY9eBo PgKcwmMY9bxIvHCOaBSQizk0kyZHZ2mZkVwpK/8OJBEa/+jTf/xtkk gooWNBRV3XR3eaHg2mD84aTW1jc2t9LbmZ3dvf2D7OFRSweRoqxJAx Gojkc0E1yypuFGsE6oGPE9wdre9Crx2/dMaR7IWzMLWd8nY8lHnBJj pbu4R4lAl/MBH2RzOF+rlgvFCsJ5jN3KRTUh5VrRxci1SoIcrNAYZN 97w4BGPpOGCqJ118Wh6cdEGU4Fm2d6kWYhoVMyZl1LJfGZ7seLi+fo zCpDNAqULWnQQv0+ERNf65nv2U6fmIn+7SXiX143MqNqP+YyjAyTdL loFAlkApS8j4ZcMWrEzBJCFbe3IjohilBjQ8rYEL4+Rf+TViHv4rx7 U8rVS6s40nACp3AOLlSgDtfQgCZQkPAAT/DsaOfReXFel60pZzVzDD /gvH0CiQiQyA==</latexit>
A0j
<latexit sha1_base64="8aJ6uo 3OmVR8JNAYwRt67+WLOYQ=">AAAB8nicdVBNS8NAEN3Ur1q/qh69LB bRU0m01fZW8eKxgv2ANJTNdtOu3WTD7kQooT/DiwdFvPprvPlv3LQV VPTBwOO9GWbm+bHgGmz7w8otLa+sruXXCxubW9s7xd29tpaJoqxFpZ Cq6xPNBI9YCzgI1o0VI6EvWMcfX2V+554pzWV0C5OYeSEZRjzglICR 3LRHicCX0+P+Xb9Yssu2fX5WreGMZDCkXq859Sp2FkoJLdDsF997A0 mTkEVABdHadewYvJQo4FSwaaGXaBYTOiZD5hoakZBpL52dPMVHRhng QCpTEeCZ+n0iJaHWk9A3nSGBkf7tZeJfnptAUPNSHsUJsIjOFwWJwC Bx9j8ecMUoiIkhhCpubsV0RBShYFIqmBC+PsX/k/Zp2bHLzk2l1Kgs 4sijA3SITpCDLlADXaMmaiGKJHpAT+jZAuvRerFe5605azGzj37Aev sE2zGQ7g==</latexit><latexit sha1_base64="8aJ6uo 3OmVR8JNAYwRt67+WLOYQ=">AAAB8nicdVBNS8NAEN3Ur1q/qh69LB bRU0m01fZW8eKxgv2ANJTNdtOu3WTD7kQooT/DiwdFvPprvPlv3LQV VPTBwOO9GWbm+bHgGmz7w8otLa+sruXXCxubW9s7xd29tpaJoqxFpZ Cq6xPNBI9YCzgI1o0VI6EvWMcfX2V+554pzWV0C5OYeSEZRjzglICR 3LRHicCX0+P+Xb9Yssu2fX5WreGMZDCkXq859Sp2FkoJLdDsF997A0 mTkEVABdHadewYvJQo4FSwaaGXaBYTOiZD5hoakZBpL52dPMVHRhng QCpTEeCZ+n0iJaHWk9A3nSGBkf7tZeJfnptAUPNSHsUJsIjOFwWJwC Bx9j8ecMUoiIkhhCpubsV0RBShYFIqmBC+PsX/k/Zp2bHLzk2l1Kgs 4sijA3SITpCDLlADXaMmaiGKJHpAT+jZAuvRerFe5605azGzj37Aev sE2zGQ7g==</latexit><latexit sha1_base64="8aJ6uo 3OmVR8JNAYwRt67+WLOYQ=">AAAB8nicdVBNS8NAEN3Ur1q/qh69LB bRU0m01fZW8eKxgv2ANJTNdtOu3WTD7kQooT/DiwdFvPprvPlv3LQV VPTBwOO9GWbm+bHgGmz7w8otLa+sruXXCxubW9s7xd29tpaJoqxFpZ Cq6xPNBI9YCzgI1o0VI6EvWMcfX2V+554pzWV0C5OYeSEZRjzglICR 3LRHicCX0+P+Xb9Yssu2fX5WreGMZDCkXq859Sp2FkoJLdDsF997A0 mTkEVABdHadewYvJQo4FSwaaGXaBYTOiZD5hoakZBpL52dPMVHRhng QCpTEeCZ+n0iJaHWk9A3nSGBkf7tZeJfnptAUPNSHsUJsIjOFwWJwC Bx9j8ecMUoiIkhhCpubsV0RBShYFIqmBC+PsX/k/Zp2bHLzk2l1Kgs 4sijA3SITpCDLlADXaMmaiGKJHpAT+jZAuvRerFe5605azGzj37Aev sE2zGQ7g==</latexit><latexit sha1_base64="8aJ6uo 3OmVR8JNAYwRt67+WLOYQ=">AAAB8nicdVBNS8NAEN3Ur1q/qh69LB bRU0m01fZW8eKxgv2ANJTNdtOu3WTD7kQooT/DiwdFvPprvPlv3LQV VPTBwOO9GWbm+bHgGmz7w8otLa+sruXXCxubW9s7xd29tpaJoqxFpZ Cq6xPNBI9YCzgI1o0VI6EvWMcfX2V+554pzWV0C5OYeSEZRjzglICR 3LRHicCX0+P+Xb9Yssu2fX5WreGMZDCkXq859Sp2FkoJLdDsF997A0 mTkEVABdHadewYvJQo4FSwaaGXaBYTOiZD5hoakZBpL52dPMVHRhng QCpTEeCZ+n0iJaHWk9A3nSGBkf7tZeJfnptAUPNSHsUJsIjOFwWJwC Bx9j8ecMUoiIkhhCpubsV0RBShYFIqmBC+PsX/k/Zp2bHLzk2l1Kgs 4sijA3SITpCDLlADXaMmaiGKJHpAT+jZAuvRerFe5605azGzj37Aev sE2zGQ7g==</latexit>
Aj
<latexit sha1_base64="/n9+I1 QCX0kdFmmhDgdytmk9VgY=">AAAB8XicdVBNS8NAEJ3Ur1q/qh69LB bBU0m01fZW8eKxgv3ANpTNdtOu3WzC7kYoof/CiwdFvPpvvPlv3LQR VPTBwOO9GWbmeRFnStv2h5VbWl5ZXcuvFzY2t7Z3irt7bRXGktAWCX koux5WlDNBW5ppTruRpDjwOO14k8vU79xTqVgobvQ0om6AR4L5jGBt pNukTzBHF7PB3aBYssu2fXZaraGUpDCkXq859SpyMqUEGZqD4nt/GJ I4oEITjpXqOXak3QRLzQins0I/VjTCZIJHtGeowAFVbjK/eIaOjDJE fihNCY3m6veJBAdKTQPPdAZYj9VvLxX/8nqx9mtuwkQUayrIYpEfc6 RDlL6PhkxSovnUEEwkM7ciMsYSE21CKpgQvj5F/5P2Sdmxy851pdSo ZHHk4QAO4RgcOIcGXEETWkBAwAM8wbOlrEfrxXpdtOasbGYffsB6+w R37JC9</latexit><latexit sha1_base64="/n9+I1 QCX0kdFmmhDgdytmk9VgY=">AAAB8XicdVBNS8NAEJ3Ur1q/qh69LB bBU0m01fZW8eKxgv3ANpTNdtOu3WzC7kYoof/CiwdFvPpvvPlv3LQR VPTBwOO9GWbmeRFnStv2h5VbWl5ZXcuvFzY2t7Z3irt7bRXGktAWCX koux5WlDNBW5ppTruRpDjwOO14k8vU79xTqVgobvQ0om6AR4L5jGBt pNukTzBHF7PB3aBYssu2fXZaraGUpDCkXq859SpyMqUEGZqD4nt/GJ I4oEITjpXqOXak3QRLzQins0I/VjTCZIJHtGeowAFVbjK/eIaOjDJE fihNCY3m6veJBAdKTQPPdAZYj9VvLxX/8nqx9mtuwkQUayrIYpEfc6 RDlL6PhkxSovnUEEwkM7ciMsYSE21CKpgQvj5F/5P2Sdmxy851pdSo ZHHk4QAO4RgcOIcGXEETWkBAwAM8wbOlrEfrxXpdtOasbGYffsB6+w R37JC9</latexit><latexit sha1_base64="/n9+I1 QCX0kdFmmhDgdytmk9VgY=">AAAB8XicdVBNS8NAEJ3Ur1q/qh69LB bBU0m01fZW8eKxgv3ANpTNdtOu3WzC7kYoof/CiwdFvPpvvPlv3LQR VPTBwOO9GWbmeRFnStv2h5VbWl5ZXcuvFzY2t7Z3irt7bRXGktAWCX koux5WlDNBW5ppTruRpDjwOO14k8vU79xTqVgobvQ0om6AR4L5jGBt pNukTzBHF7PB3aBYssu2fXZaraGUpDCkXq859SpyMqUEGZqD4nt/GJ I4oEITjpXqOXak3QRLzQins0I/VjTCZIJHtGeowAFVbjK/eIaOjDJE fihNCY3m6veJBAdKTQPPdAZYj9VvLxX/8nqx9mtuwkQUayrIYpEfc6 RDlL6PhkxSovnUEEwkM7ciMsYSE21CKpgQvj5F/5P2Sdmxy851pdSo ZHHk4QAO4RgcOIcGXEETWkBAwAM8wbOlrEfrxXpdtOasbGYffsB6+w R37JC9</latexit><latexit sha1_base64="/n9+I1 QCX0kdFmmhDgdytmk9VgY=">AAAB8XicdVBNS8NAEJ3Ur1q/qh69LB bBU0m01fZW8eKxgv3ANpTNdtOu3WzC7kYoof/CiwdFvPpvvPlv3LQR VPTBwOO9GWbmeRFnStv2h5VbWl5ZXcuvFzY2t7Z3irt7bRXGktAWCX koux5WlDNBW5ppTruRpDjwOO14k8vU79xTqVgobvQ0om6AR4L5jGBt pNukTzBHF7PB3aBYssu2fXZaraGUpDCkXq859SpyMqUEGZqD4nt/GJ I4oEITjpXqOXak3QRLzQins0I/VjTCZIJHtGeowAFVbjK/eIaOjDJE fihNCY3m6veJBAdKTQPPdAZYj9VvLxX/8nqx9mtuwkQUayrIYpEfc6 RDlL6PhkxSovnUEEwkM7ciMsYSE21CKpgQvj5F/5P2Sdmxy851pdSo ZHHk4QAO4RgcOIcGXEETWkBAwAM8wbOlrEfrxXpdtOasbGYffsB6+w R37JC9</latexit>
Aj
<latexit sha1_base64="/n9+I1 QCX0kdFmmhDgdytmk9VgY=">AAAB8XicdVBNS8NAEJ3Ur1q/qh69LB bBU0m01fZW8eKxgv3ANpTNdtOu3WzC7kYoof/CiwdFvPpvvPlv3LQR VPTBwOO9GWbmeRFnStv2h5VbWl5ZXcuvFzY2t7Z3irt7bRXGktAWCX koux5WlDNBW5ppTruRpDjwOO14k8vU79xTqVgobvQ0om6AR4L5jGBt pNukTzBHF7PB3aBYssu2fXZaraGUpDCkXq859SpyMqUEGZqD4nt/GJ I4oEITjpXqOXak3QRLzQins0I/VjTCZIJHtGeowAFVbjK/eIaOjDJE fihNCY3m6veJBAdKTQPPdAZYj9VvLxX/8nqx9mtuwkQUayrIYpEfc6 RDlL6PhkxSovnUEEwkM7ciMsYSE21CKpgQvj5F/5P2Sdmxy851pdSo ZHHk4QAO4RgcOIcGXEETWkBAwAM8wbOlrEfrxXpdtOasbGYffsB6+w R37JC9</latexit><latexit sha1_base64="/n9+I1 QCX0kdFmmhDgdytmk9VgY=">AAAB8XicdVBNS8NAEJ3Ur1q/qh69LB bBU0m01fZW8eKxgv3ANpTNdtOu3WzC7kYoof/CiwdFvPpvvPlv3LQR VPTBwOO9GWbmeRFnStv2h5VbWl5ZXcuvFzY2t7Z3irt7bRXGktAWCX koux5WlDNBW5ppTruRpDjwOO14k8vU79xTqVgobvQ0om6AR4L5jGBt pNukTzBHF7PB3aBYssu2fXZaraGUpDCkXq859SpyMqUEGZqD4nt/GJ I4oEITjpXqOXak3QRLzQins0I/VjTCZIJHtGeowAFVbjK/eIaOjDJE fihNCY3m6veJBAdKTQPPdAZYj9VvLxX/8nqx9mtuwkQUayrIYpEfc6 RDlL6PhkxSovnUEEwkM7ciMsYSE21CKpgQvj5F/5P2Sdmxy851pdSo ZHHk4QAO4RgcOIcGXEETWkBAwAM8wbOlrEfrxXpdtOasbGYffsB6+w R37JC9</latexit><latexit sha1_base64="/n9+I1 QCX0kdFmmhDgdytmk9VgY=">AAAB8XicdVBNS8NAEJ3Ur1q/qh69LB bBU0m01fZW8eKxgv3ANpTNdtOu3WzC7kYoof/CiwdFvPpvvPlv3LQR VPTBwOO9GWbmeRFnStv2h5VbWl5ZXcuvFzY2t7Z3irt7bRXGktAWCX koux5WlDNBW5ppTruRpDjwOO14k8vU79xTqVgobvQ0om6AR4L5jGBt pNukTzBHF7PB3aBYssu2fXZaraGUpDCkXq859SpyMqUEGZqD4nt/GJ I4oEITjpXqOXak3QRLzQins0I/VjTCZIJHtGeowAFVbjK/eIaOjDJE fihNCY3m6veJBAdKTQPPdAZYj9VvLxX/8nqx9mtuwkQUayrIYpEfc6 RDlL6PhkxSovnUEEwkM7ciMsYSE21CKpgQvj5F/5P2Sdmxy851pdSo ZHHk4QAO4RgcOIcGXEETWkBAwAM8wbOlrEfrxXpdtOasbGYffsB6+w R37JC9</latexit><latexit sha1_base64="/n9+I1 QCX0kdFmmhDgdytmk9VgY=">AAAB8XicdVBNS8NAEJ3Ur1q/qh69LB bBU0m01fZW8eKxgv3ANpTNdtOu3WzC7kYoof/CiwdFvPpvvPlv3LQR VPTBwOO9GWbmeRFnStv2h5VbWl5ZXcuvFzY2t7Z3irt7bRXGktAWCX koux5WlDNBW5ppTruRpDjwOO14k8vU79xTqVgobvQ0om6AR4L5jGBt pNukTzBHF7PB3aBYssu2fXZaraGUpDCkXq859SpyMqUEGZqD4nt/GJ I4oEITjpXqOXak3QRLzQins0I/VjTCZIJHtGeowAFVbjK/eIaOjDJE fihNCY3m6veJBAdKTQPPdAZYj9VvLxX/8nqx9mtuwkQUayrIYpEfc6 RDlL6PhkxSovnUEEwkM7ciMsYSE21CKpgQvj5F/5P2Sdmxy851pdSo ZHHk4QAO4RgcOIcGXEETWkBAwAM8wbOlrEfrxXpdtOasbGYffsB6+w R37JC9</latexit>T
<latexit sha1_ base64="VY97G6xxXdjEqQ1eigE 95uxBcdU=">AAAB6HicbVBNS8NA EJ3Ur1q/qh69LBbBU0mkoMeCF48 t9AvaUDbbSbt2swm7G6GE/gIvHh Tx6k/y5r9x2+agrQ8GHu/NMDMvS ATXxnW/ncLW9s7uXnG/dHB4dHxS Pj3r6DhVDNssFrHqBVSj4BLbhhu BvUQhjQKB3WB6v/C7T6g0j2XLzB L0IzqWPOSMGis1W8Nyxa26S5BN4 uWkAjkaw/LXYBSzNEJpmKBa9z03M X5GleFM4Lw0SDUmlE3pGPuWShqh 9rPloXNyZZURCWNlSxqyVH9PZDT SehYFtjOiZqLXvYX4n9dPTXjnZ1 wmqUHJVovCVBATk8XXZMQVMiNml lCmuL2VsAlVlBmbTcmG4K2/vEk6 N1XPrXrNWqVey+MowgVcwjV4cAt 1eIAGtIEBwjO8wpvz6Lw4787Hqr Xg5DPn8AfO5w+rc4zK</latexit ><latexit sha1_ base64="VY97G6xxXdjEqQ1eigE 95uxBcdU=">AAAB6HicbVBNS8NA EJ3Ur1q/qh69LBbBU0mkoMeCF48 t9AvaUDbbSbt2swm7G6GE/gIvHh Tx6k/y5r9x2+agrQ8GHu/NMDMvS ATXxnW/ncLW9s7uXnG/dHB4dHxS Pj3r6DhVDNssFrHqBVSj4BLbhhu BvUQhjQKB3WB6v/C7T6g0j2XLzB L0IzqWPOSMGis1W8Nyxa26S5BN4 uWkAjkaw/LXYBSzNEJpmKBa9z03M X5GleFM4Lw0SDUmlE3pGPuWShqh 9rPloXNyZZURCWNlSxqyVH9PZDT SehYFtjOiZqLXvYX4n9dPTXjnZ1 wmqUHJVovCVBATk8XXZMQVMiNml lCmuL2VsAlVlBmbTcmG4K2/vEk6 N1XPrXrNWqVey+MowgVcwjV4cAt 1eIAGtIEBwjO8wpvz6Lw4787Hqr Xg5DPn8AfO5w+rc4zK</latexit ><latexit sha1_ base64="VY97G6xxXdjEqQ1eigE 95uxBcdU=">AAAB6HicbVBNS8NA EJ3Ur1q/qh69LBbBU0mkoMeCF48 t9AvaUDbbSbt2swm7G6GE/gIvHh Tx6k/y5r9x2+agrQ8GHu/NMDMvS ATXxnW/ncLW9s7uXnG/dHB4dHxS Pj3r6DhVDNssFrHqBVSj4BLbhhu BvUQhjQKB3WB6v/C7T6g0j2XLzB L0IzqWPOSMGis1W8Nyxa26S5BN4 uWkAjkaw/LXYBSzNEJpmKBa9z03M X5GleFM4Lw0SDUmlE3pGPuWShqh 9rPloXNyZZURCWNlSxqyVH9PZDT SehYFtjOiZqLXvYX4n9dPTXjnZ1 wmqUHJVovCVBATk8XXZMQVMiNml lCmuL2VsAlVlBmbTcmG4K2/vEk6 N1XPrXrNWqVey+MowgVcwjV4cAt 1eIAGtIEBwjO8wpvz6Lw4787Hqr Xg5DPn8AfO5w+rc4zK</latexit ><latexit sha1_ base64="VY97G6xxXdjEqQ1eigE 95uxBcdU=">AAAB6HicbVBNS8NA EJ3Ur1q/qh69LBbBU0mkoMeCF48 t9AvaUDbbSbt2swm7G6GE/gIvHh Tx6k/y5r9x2+agrQ8GHu/NMDMvS ATXxnW/ncLW9s7uXnG/dHB4dHxS Pj3r6DhVDNssFrHqBVSj4BLbhhu BvUQhjQKB3WB6v/C7T6g0j2XLzB L0IzqWPOSMGis1W8Nyxa26S5BN4 uWkAjkaw/LXYBSzNEJpmKBa9z03M X5GleFM4Lw0SDUmlE3pGPuWShqh 9rPloXNyZZURCWNlSxqyVH9PZDT SehYFtjOiZqLXvYX4n9dPTXjnZ1 wmqUHJVovCVBATk8XXZMQVMiNml lCmuL2VsAlVlBmbTcmG4K2/vEk6 N1XPrXrNWqVey+MowgVcwjV4cAt 1eIAGtIEBwjO8wpvz6Lw4787Hqr Xg5DPn8AfO5w+rc4zK</latexit >
FIG. 10. Graphical solution of the semiclassical wave equation
for spatiotemporally modulated medium specified in Figure 9.
Shaded (pink) regions of space-time have refraction index n1
(spatial region B); the rest of space-time has refraction in-
dex n0, n1 > n0. The refraction index pattern is periodic
both in space (period 2L, the physical length of the ring cav-
ity of twice the length of linear cavity) and time (period T
of modulation). The boundaries of one space-time unit cell
are indicated by the dashed lines; however, the behavior of
characteristics (tilted lines) is clearer in the extended space-
time picture. The vector potential A on a given characteristic
is only a function of local material properties [Eq. (B7)]; it
therefore remains constant within same color regions. The
families of nearby characteristics show convergence and di-
vergence properties, in the same way as in the case of cavities
with moving mirrors (see Figure 1a).
which has the same form as Eq. (29) in Section IV.
For example, for a harmonic modulation of depth ν,
for xn → xn+1, we find
xn+1 = xn + 2(L0 − L) +Aν cospixn
L0
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